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1. Introduction 

The study of rational and integral points on algebraic varieties defined over a number 
field often leads to considerations of volumes of real, p-adic or adelic spaces. A typical 
problem in arithmetic geometry is to establish asymptotic expansions, when B ^ oo, 
for the number Nf{B) of solutions in rational integers smaller than B of a polynomial 
equation /(x) = 0. 

When applicable, the circle method gives an answer in terms of a "singular integral" 
and a "singular series" , which itself can be viewed as a product of p-adic densities. The 
size condition is only reflected in a parameter in the singular integral, whose asymptotic 
expansion therefore governs that of Nf{B). 

More generally, one considers systems of polynomial equations, i.e., algebraic varieties 
over a number field or schemes of finite type over rings of integers, together with embed- 
ding into a projective or affine space. Such an embedding induces a height function (see, 
e.g., im Hni EI]) such that there are only finitely many solutions of bounded height, in a 
fixed number field, resp. ring of integers. A natural generalization of the problem above 
is to understand the asymptotic behavior of the number of such solutions, as well as their 
distribution in the ambient space for the local or adelic topologies, when the bound grows 
to infinity. 

Apart from applications of the circle method, many other instances of this problem 
have been successfully investigated in recent years, in particular, in the context of linear 
algebraic groups and their homogeneous spaces. For such varieties, techniques from er- 
godic theory and harmonic analysis are very effective; for integral points, see [IBl, [20j, 
ED, 0, [S3], [25]; for rational points, see [3], [22], [3S|, |S], US)- 

In most cases, the proof subdivides into two parts: 

a) comparison of the point counting with a volume asymptotic; 

b) explicit computation of this volume asymptotic. 

In this paper, we develop a general geometric framework for the second part, i.e., for the 
understanding of densities and volumes occurring in the counting problems above. We 
now explain the main results. 

1.1. Tamagawa measures for algebraic varieties 

Let F be a number field. Let Val(F) be the set of equivalence classes of absolute values 
of F. For V G Val(-F), we write v \ p if v defines the p-adic topology on Q, and v \ oo 
if it is archimedean. For v G Val(F), let Fy be the corresponding completion of F and, 
if V is ultrametric, let o^, be its ring of integers. We identify v with the specific absolute 
value |-|^ on Fy defined by the formula fi{afl) = \a\^fi{Q), where /i is any Haar measure 
on the additive group Fy, a E Fy and is a measurable subset of Fy of finite measure. 

Let X be a smooth projective algebraic variety over F. Fix an adelic metric on its 
canonical line bundle Kx (see Section r2.2.3p . For any v G Val(F), the set X{Fy) carries 
an analytic topology and the chosen f-adic metric on Kx induces a Radon measure Tx^y 
on X{Fy) (see Section [2X7]) ■ 
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Let ^ he a. projective flat model of X over the ring of integers of F. Then, for almost 
all finite places v, the measure tx,v coincides with the measure on ^{Oy) = X{Fy) defined 
by Weil in [44] • 

Let D be an effective divisor on X which, geometrically, has strict normal crossings 
and set U = X \ D. Let denote the canonical section of the line bundle ^x{D) 
(corresponding to the regular function 1 when ffx{D) is viewed as a sub-sheaf of the 
sheaf of meromorphic functions); by construction, its divisor is D. Let us also fix an 
adelic metric on this line bundle. We let 2^ be the Zariski closure of D in the model ^ 
and ^ = \ ^ be its complement. 

For any place v G Val(F), we define a measure 

1 

'T(X,D).v = iir II 'TX,v 

on U{Fy). Note that it is still a Radon measure; however U{Fv) has infinite volume. If 
U is an algebraic group, this construction allows to recover the Haar measure of U{F^) 
(see I2.1.12P . 

Let Ap he the adele ring of F, that is, the restricted product of the fields F^ with 
respect to the subrings o^. 

A nonzero Radon measure r on the adelic space U{Af) induces measures Ty on any 
of the sets U{Fy), which are well-defined up to a factor. Conversely, we can recover the 
Radon measure r as the product of such measures Ty if the set of measures (rt,)^,|oo satisfies 
the convergence condition: the infinite product Y[v\oo'''vi'^ i'^v)) is absolutely convergent. 

A family of convergence factors for (r^) is a family {Xy)v]oo of positive real numbers such 
that the family of measures (XyTy) satisfies the above convergence condition. 

Our first result in this article is a definition of a measure on U{Af) via an appropriate 
choice of convergence factors. 

Let F he an algebraic closure of F and let F = Gal(F/F) be the absolute Galois group. 
Let M be a free Z-module of finite rank endowed with a continuous action of F; we let 
L(s, M) be the corresponding Artin L-function, and, for all finite places v G Val(F), 
Ly{s,M) its local factor at v. The function s t— > L(s,M) is holomorphic for Re(s) > 1 
and admits a meromorphic continuation to C; let p he its order at s = 1 and define 

L*(l, M) = lim(s - M); 

it is a positive real number. 

Theorem 1.1.1. — Assume that H^(X, i^x) = H2(X, ^x) = 0. The abelian groups 
= H.^{Up, Gm)/F* and = B.^{Up, Gm) / torsion are free Z-modules of finite rank 
with a continuous action ofV. Moreover, the family (A^) given by 

A, = L,(l,M°)/L,(l,Mi) 



a family of convergence factors. 
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Assume that the hypotheses of the Theorem hold. We then define a Radon measure 
on U{Ap) by the formula 

where is given by the Theorem if f f oo and A,, = 1 else. We call it the Tamagawa 
measure on U, or, more precisely, on U{Af). This generalizes the construction of a 
Tamagawa measure on an algebraic group, where there is no (see, e.g., [H]) or on a 
projective variety, where there is no M^, in 



1.2. Volume asymptotics in analytic geometry 

Let L be an effective divisor in X whose support contains the support of D; let again 
be the canonical section of the line bundle ^x{L)- Fix an adelic metric on ^x{L) 
and a place v e Val(F). For any positive real number B, the set of all x G U{F^) such 
that ||fL(x)||^ ^ 1/B is a compact subset in U{F^). It has thus finite volume V{B) with 
respect to the measure T(^x,d),v 

Let us decompose the divisor Dy = Dp^ as a sum of irreducible divisors: 

Dy ^ ^ d(x^vDa,v 

For a G ja^, let \a,v be the multiplicity of D^^^ in L^,; there exists an effective divisor Ey 
on Xp^ such that 

Ly Ey -\- ^ ^ ^a,vD ay. 

For any subset A C ja^, we let Da,v be the intersections of the Da^y, for a G A. 

Let now ay{L,D) be the least rational number such that for any a G with 
Da,v{Fy) 7^ 0, one has ay{L, D)Xa,y ^ da,y — 1. Let £^y{L, D) be the set of those a G ^ 
where equality holds and hy{L, D) the maximal cardinality of subsets A G £^y{L, D) such 
that 7^ 0. To organize the combinatorial structure of these subsets, we intro- 

duce variants of the simplicial complex considered, e.g., in [Hj in the context of Hodge 
theory. 

Theorem 1.2.1. — Assume that v is archimedean. 

If ay{L, D) > 0, then by{L,D) ^ 1 and there exists a positive real number c such that 

V{B) ~ cB^^^^'^^logBf^^^^^^-K 

If ay{L, D) = 0, then there exists a positive real number c such that 

V{B) ~ c5""(^'^)(log5)^"(^'^). 

With the notation above, we also give an explicit formula for the constant c. It involves 
integrals over the sets DA,y{Fy) such that #(^4) = by{L,D), with respect to measures 
induced from T(^x,d),v via the adjunction formula. 
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To prove this theorem, we introduce the MeUin transform 

^(■S) = / \\h{x)\\l dT(^x,D),v{^) 

and estabhsh its analytic properties. We regard Z{s) as an integral over the compact 
analytic manifold X{Fy) of the function ||fL||^ with respect to a singular measure, con- 
necting the study of such zeta functions with the theory of Igusa local zeta functions, 
see [28l [29]. In particular, we show that Z{s) is holomorphic for Re(s) > av{L,D) and 
admits a meromorphic continuation to some half-plane {Re(s) > av{L,D) — e}, with a 
pole at s = a^{L, D) of order bv{L, D). This part of the proof works over any local field. 

If V is archimedean (and e > is small enough), then Z{s) has no other pole in this 
half-plane. Our volume estimate then follows from a standard Tauberian theorem. When 
V in non-archimedean, we can only deduce a weaker estimate, i.e., upper and lower bounds 
of the stated order of magnitude (Corollary 14.2.71) . 

1.3. Asymptotics of adelic volumes 

Assume that II^(A, i^x) = H^(X, i^x) = 0. Theorem II. 1.11 gives us Tamagawa mea- 
sures T(x,D) and Tx on the adelic spaces U{Af) and X{Af) respectively. 

Suppose furthermore that the supports of the divisors L and D are equal. We then 
define a height function Hl on the adelic space U{Af) by the formula 

This function Hi'- U{Af) R+ is continuous and proper. In particular, for any real 
number B, the subset of U{Af) defined by the inequality Hii'x) ^ B is compact, hence 
has finite volume V{B) with respect to T(^x,d)- We are interested in the asymptotic 
behavior of V{B) as B ^ oo. 

Let us decompose the divisors L and D as the sum of their irreducible components 
(over F). Since L and D have the same support, one can write 

-D = ^ daDa, = X] -^"-^^ 

for some positive integers da and Aq,. Let a{L,D) be the least positive rational number 
such that the Q-divisor E = a{L, D)L — D is effective; in other words, 

a{L,D) = maxda/ Xa- 

Let moreover 6(L, D) be the number of a G i^/ for which equality is achieved. 
To the Q-divisor we can also attach a height function on Xi^Ap) given by 

i;GVal(F) 
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if G U{F^) for all v, and by He{^) = +00 else. The product can diverge to +00 but 
He has a positive lower bound, reflecting the effectivity of E. In fact, the function H^^ 
is continuous on X{Af). 

Theorem 1.3.1. — When B ^ oo, one has the following asymptotic expansion 

V{B) ~ I B^(^'^\logBr^^'^^~' [ /7^(x)-Mrx(x). 

a{L, D){b{L, D) - ly. Jx{Af) 

As a particular case, let us take L = D. We see that a{L, D) = 1, b{L, D) is the number 
of irreducible components of D and the integral in the Theorem is equal to the Tamagawa 
volume Tx{X{Ap)) defined by Peyre. 

In both local and adelic situations, our techniques are valid for any metrization of the 
underlying line bundles. As was explained by Peyre in [35] in the context of rational 
points, this implies equidistrihution theorems, see Corollary 14.2.61 in the local case, and 
Theorem 14.4.51 in the adelic case. 

Roadmap of the paper 

Section [2] is concerned with heights and measures on adelic spaces. We first recall 
notation and definitions for adeles, adelic metrics and measures on analytic manifolds. In 
Subsection 12. 3[ we then define height functions on adelic spaces and establish their basic 
properties. The construction of global Tamagawa measures is done in Subsection 12.41 We 
conclude this Section by a general equidistribution theorem. 

Section [3] is devoted to the theory of geometric analogues of Igusa integrals, both 
in the local and adelic settings. These integrals define holomorphic functions in several 
variables which admit meromorphic continuations. (In the adelic case, these meromorphic 
continuations may have natural boundaries.) To describe their first poles we introduce in 
Subsection 13. II the geometric, algebraic and analytic Clemens complexes which encode the 
incidence properties of divisors involved in the definition of our geometric Igusa integrals. 
We then apply this theory in Subsections 14.21 and 14. 4[ where we establish Theorems 11.2.11 
and 11.3.1] about volume asymptotics. 

In Section 0, we make explicit the main results of our article in the case of wonderful 
compactifications of semi-simple groups. In particular, we explain how to recover the 
volume estimates established in [33j for Lie groups, and in [211 112 for adelic groups. 
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2. Metrics, heights, and Tamagawa measures 
2.1. Metrics and measures on local fields 

2.1.1. Haar measures and absolute values. — Let F be a local field of characteristic 
zero, i.e., either R, C, or a finite extension of the field Qp of p-adic numbers. Fix a Haar 
measure fi on F. Its "modulus" is an absolute value |-| on F, defined by ii{aVt) = \a\ 

for any a e F and any measurable subset Q C F. For F = R, this is the usual absolute 
value, for F = C, it is its square. For F = Qp, it is given by \p\ — 1/p and if F'/F is a 
finite extension, one has \a\p, — \Npi/p{a)\p. 

2.1.2. Smooth functions. — If F is R or C, we say that a function / defined on an open 
subset of the n-dimensional affine space F" is smooth if it is C°°. If F is non-archimedean, 
this will mean that / is locally constant. This notion is local and extends to functions 
defined on open subsets of F-analytic manifolds. Observe moreover than for any open 
subset U of F" and any non- vanishing analytic function / on [/, the function x i— > \f{x)\ 
is smooth. 

On a compact F-analytic manifold X, a smooth function / has a sup-norm ||/|| ~ 
su^^^x 1/(^)1- archimedean case, using charts (so, non-canonically) , we can also 

measure norms of derivatives and define norms ||/||^ (measuring the maximum of sup- 
norms of all derivatives of / of orders ^ r). In the ultrametric case, using a distance d, 
we can define a norm as follows: 

(1+ sup / ). 



1- 



For r > 1, we define 

2.1.3. Metrics on line bundles. — Let X be an analytic variety over a locally compact 
valued field F and let =5f be a fine bundle on X. We define a metric on =^ to be a 
collection of functions =5f (x) — > R+, for all x E X, denoted by £ i— > ||^|| such that 

— ior ee^{x)\{0}, >0; 

— for any a E F, x E X and any i G ^{x), \\a£\\ = \a\ \\i\\ ; 

— for any open subset U <Z X and any section i e r(t/, ^), the function x h- >• ||^(a;)|| is 
continuous on U. 

We say that a metric on a line bundle =5f is smooth if for any non- vanishing local section 
i e r(C/, ^), the function x i— > ||-^(a:;)|| is smooth on U. 

For a metric to be smooth, it suffices that there exists an open cover (Ui) of X, and, 
for each i, a non-vanishing section G r([/j,.if) such that the function x i— > ||^j(a;)|| is 
smooth on Ui. Indeed, let i G r{U,J^) be a local non-vanishing section of for each i 
there is a non- vanishing regular function /j G &x{Ui fl U) such that I — fiii on Ui fl U, 
hence = Since the absolute value of a non- vanishing regular function is 

smooth, ||£|| is a smooth function on Ui fl U. Since this holds for all i, is smooth on U. 

The trivial line bundle admits a canonical metric, defined by = 1. If ^ and 
^ are two metrized fine bundles on X, there are metrics on =5f ^ and on defined 
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by 

\\e0m\\^\\e\\\\m\\, M^Me)\/\\e\\, 

with X e X, £ e ^{x), m e J^{x), and </? e ^^{x). 

2.1.4. Divisors, line bundles and metrics. — The theory of the preceding paragraph also 
apphes if X is an analytic subspace of some F-analytic manifold, e.g., an algebraic variety, 
even if it possesses singularities. Recall that by definition, a function on such a space X 
is smooth if it extends to a smooth function in a neighborhood of X in the ambient space. 

Let D be an effective Cartier divisor on X and let &x{D) be the corresponding fine 
bundle. It admits a canonical section f^j, whose divisor is equal io D. If &x{D) is endowed 
with a metric, the function \\^d\\ is positive on X and vanishes along D. 

More generally, let D be an effective Q-divisor, that is, a linear combination of ir- 
reducible divisors with rational coefficients such that a multiple nD, for some positive 
integer n, is a Cartier divisor. By a metric on ffx{D) we mean a metric on ^x{nD). By 
\\^d\\: we mean the function ||fni3||^^"- It does not depend on the choice of n. 

2.1.5. Metrics defined by a model. — Here we assume that F is non-archimedean, and 
let Of be its ring of integers. Let X be a projective variety over F and L a line bundle 
on X. Choose a projective fiat Di?-schcmc ^ and a line bundle =Sf on ^ extending X 
and L. These choices determine a metric on the line bundle defined by =Sf on the analytic 
variety X{F), by the following recipe: for x e X{F) let x: Spec Of — > =^ be the unique 
morphism extending x; by definition, the set oi i & L{x) such that ||^|| ^ 1 is equal to 
x*=Sf, which is a lattice in L{x). 

Let ^ be an open subset of ^ over which the line bundle =Sf is trivial and let e e 
r(^,^) be a trivialization of =Sf on Then, for any point x e ^(F) such that x 
extends to a morphism x: Spec Of , one has = 1- Indeed, x*e is a basis of 

the free OF-module x*^. Since is projective, restriction to the generic fiber identifies 
the set '^(of) with a compact open subset of '^f{F), still denoted by '^(of)- Observe 
that these compact open subsets cover X{F). 

Let F'/F be a field extension. A model of X determines a model of Xp/ — X ®f F' 
over the ring Of', and thus metrics on the analytic variety X[F'). Conversely, note that 
a model of Xp' determines metrics on X{F') and hence, by restriction, also on X{F). 

2.1.6. Example: projective space. — Let F be a locally valued field and V a finite- 
dimensional vector space over F. Let |-| be a norm on V . Let ViV*) = Proj Sym'V* be 
the projective space of lines in V\ denote by [x] the point of P(V*) associated to a non-zero 
element x & V, i.e., the fines it generates. This projective space carries a tautological 
ample line bundle, denoted ^(1), whose space of global sections is precisely V*. The 
formula 



ll^(N)ll- 




for £ &V* and x eV , defines a norm on the F- vector space <ff{l)[x\. These norms define 
a metric on ^(1). 
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Assume moreover that F is non-archimedean and let Oi? be its ring of integers. If the 
norm of V takes its values in the set \F^\, the unit ball Y oiV is an Oi?-submodule of V 
which is free of rank dimK (|l5], p. 28, Proposition 6 and p. 29). Then, the OF-scheme 
P('^^) is a model of P(K^) and the metric on ^(1) is the one defined by this model and 
the canonical extension of the line bundle ^(1) it carries. 

2.1.7. Volume forms. — Let X be an analytic manifold over a local field F. To simplify 
the exposition, assume that X is equidimensional and let n be its dimension. It is standard 
when F = R or C, and also true in general, that any ra-form uj on an open subset U oi X 
defines a measure, usually denoted |ci;|, on U , through the following formula. Choose local 
coordinates xi, . . . , a;„ on [/ and write 

u = f{xi, . . . , Xn) dxi A ■ ■ • A dxn- 

These coordinates allow to identify (a part of) U with an open subset of which we 
endow with the product measure /i". (Recall that a Haar measure has been fixed on F 
in 12.1.11 ) It pulls back to a measure which we denote 

|dxi| ■ ■ ■ \dXn\ 

and by definition, we let 

(2.1.8) \uj\ = |/(xi, . . .,Xn)\ \dxi\ ■ ■ ■ \dxn\ . 

By the change of variables formula in multiple integrals, this is independent of the choice 
of local coordinates. 

2.1.9. Metrics and measures. — Certain manifolds X possess a canonical (up to scalar) 
non-vanishing n-form, sometimes called a gauge form. Examples are analytic groups, or 
Calabi-Yau varieties. This property leads to the definition of a canonical measure on X 
(again, up to a scalar). In the case of groups, this has been studied by Weil in the context 
of Tamagawa numbers (|11]); in the case of Calabi-Yau varieties, this measure has been 
used by Batyrev to prove that smooth birational Calabi-Yau varieties have equal Betti 
numbers ([2J). 

Even when X has no global ra-forms, it is still possible to define a measure on X provided 
the canonical line bundle ujx = fS^ ^\ is endowed with a metric. Indeed, we may then 
attach to any local non-vanishing n-form uj the local measure \uj\ / It is immediate 
that these measures patch and define a measure tx on the whole of X. This is a Radon 
measure locally equivalent to any Lebesgue measure. In particular, if X is compact, 
its volume with respect to this measure is a positive real number. This construction is 
classical in differential geometry as well as in arithmetic geometry (see [39j, bottom of 
page 146); its introduction in the context of the counting problem of points of bounded 
height on algebraic varieties over number fields is due to E. Peyre (|35j). 

2.1.10. Singular measures. — For the study of integral points, we will have to consider 
several variants of this construction. We assume here that X is an algebraic variety over 
a local field F and that we are given an auxiliary effective Cartier Q-divisor D in X. Let 
U = X \ \D\\)e the complement of the support of D in X. 
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Let us first consider the case where D is a Cartier divisor and assume that the hne 
bundle lux{D) is endowed with a metric. If is the canonical section of &x{.D) and u 
a local n-form, we can then consider the nonnegative function Hf/jdjH; it vanishes on \D\. 
In the general case, we follow the conventions of Sectio d2.1.4l and will freely talk of the 
function Hcijf/)!!, defined as ||ci;'^f„£)|| where n is any positive integer such that nD is a 
Cartier divisor, assuming the line bundle u'^ijiD) is endowed with a metric. 

Then, the measures / ||f£)u;||, for uj any local non-vanishing n-form patch and 
define a measure T(^x,d) on the open submanifold U{F). This measure is a Radon measure 
on U{F), locally equivalent to the Lebesgue measure. However, the volume of U{F) is 
infinite; this is in particular the case if D is a divisor (with integer coefficients) and the 
smooth locus of D has F-rational points. 

We shall always identify this measure and the (generally "singular", i.e., non- Radon) 
measure on X{F) obtained by push-out. 

2.1.11. Example: gauge forms. — Let us show how the definition of a measure using a 
gauge form can be viewed as a particular case of this construction. Let be a meromorphic 
differential form on X; let D be the opposite of its divisor. One can write D = Y^daDa, 
where the Da are codimension 1 irreducible subvarieties in X and da are integers. Let 
U = X \ \D\ be the complement of the support of D. In other words, u defines a 
trivialization of the line bundle ux{D). There is a unique metrization of uJx{D) such 
that uj, viewed as a global section of uJx{D), has norm 1 at every point in X. The 
measure on the manifold U{F) defined by this metrization coincides with the measure |ti;| 
defined by a; as a gauge form. 

Moreover, if the line bundle <ffx{F)) is endowed with a metric, then so is the line 
bundle ux- In this case, the manifold X{F) is endowed with three measures, r^/, tx 
and T(x,D)- Locally, one has: 

- Tx = I ||a;||; 

- the measure tu is its restriction to [/; 

- T"(x,D) = l^^l = / llf^t^ll = llfoirVx. 

Note that on each open, relatively compact subset of X(F^ \ the measures tx 
and T(x,D) are comparable. 

2.1.12. Example: compactifications of algebraic groups. — We keep the notation of the 
previous paragraph, assuming moreover that U is an algebraic group G over F of which 
X is an equivariant compactification, and that the restriction to G of is invariant. If 
we consider as a gauge form, it then defines a invariant measure Ic^l on G{F), in other 
words, a Haar measure on this locally compact group, and also T(^x,d)- 

2.1.13. Residue measures. — Let us return to the case of a general manifold X. Let Z 
be a closed submanifold of X. To get a measure on Z, we need as before a metrization 
on uz- However, the "adjunction formula" 

ux\z — ioz® det yyz{X) 
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implies that given a metric on Ux, it suffices to endow the determinant of the normal 
bundle of Z in X with a metric. The case where Z = D is & divisor (i.e., locally in charts, 
Z is defined by the vanishing of a coordinate) is especially interesting. In that case, one 
has 

and a metric on ujx plus a metric on &x{D) automatically define a metric on. ujo, hence 
a measure on D. 

Let us give an explicit formula for this measure. Let uo G T{uoj:,) be a local {n — l)-form 
and Cj any lift of uj to A"~^ ^x- If £ ^{—D) is a local equation for D, the image of uj 
in u!x{D)\jj is nothing but the restriction to D of the differential form with logarithmic 
poles Co A u~^du. Let be the canonical section of 6'x{D). Then, 

||ci;|| = \\0J /\ u~'^(\u^ = ||cj A d-u|| || . 

By definition, corresponds locally to the function 1, hence, for x ^ D, 

" " \u(x)\ 

and this possesses a finite limit when x approaches D, by the definition of a metric. (As 
a section of &x{D), f^i vanishes at order 1 on D). Moreover, the function lim \\^d\\ / \u\ 
on D defined by 

^ ^ l^^J\^D{y)\\ / \u{y)\ 



is continuous and positive on D. 

By induction, if Z is the transverse intersection of smooth divisors Dj (1 ^ j ^ m), 
with metrizations on all 0'x{Dj), we have a similar formula: 

(2.1.14) ||u;|| = llcD Adiii A--- Adii^lllimi^ •••lim 



\Ul\ \Um\ 

where Ml, . . . , Um are local equations for the divisors -Di, • • • , Dj^i- 

2.1.15. Residue measures in an algebraic context. — Let X be a smooth algebraic variety 
over F; endow the canonical line bundle uJx on X[F) with a metric. Let F' be a finite 
Galois extension of F and let for 1 ^ j ^ m, be smooth irreducible divisors on Xpi, 
whose union is a divisor D with strict normal crossings which is defined over F. Then 
the intersection Z = HJli defined over F; if Z{F) ^ 0, then Z{F) is a smooth F- 

analytic submanifold of X{F), of dimension dimZ = dimX — m. Moreover, the normal 
bundle of Z in Xpi is isomorphic to the restriction to Z of the vector bundle 0^=1 ^x' {Dj), 
hence the isomorphism det^z{X) ~ 0'x{D), at least after extending the scalars to F'. 

Endow the line bundles &Xp,{Dj) on the F'-analytic manifold X[F') with metrics. By 
the previous formulas, we obtain from the metrics on iffxp,{Dj) a metric on the determi- 
nant of the normal bundle of Z[F') in the manifold X{F'). The restriction of this metric 
to Z(F) gives us a metric on the determinant of the normal bundle of Z(F) in X{F). 
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Accordingly, we obtain a positive Radon measure tz on Z{F^ which is locally com- 
parable to any Lebesgue measure. In particular, one has tz{Z{F)) = if and only if 
Z{F) = 0. 

2.2. Adeles of number fields: metrics and heights 

2.2.1. Notation. — We specify some common notation concerning number fields and 
adeles that we will use throughout this text. 

Let F be a number field and Val(F) the set of places of F. For v G Val(F), we let F^ 
be the f-adic completion of F. This is a local field; its absolute value, defined as in §2.1.H 
is denoted by |-|^. With these normalizations, the product formula holds. Namely, for all 
a G F*, one has nDgVai{F) \^\v ~ where only finitely many factors differ from 1. 

Let V G Val(F). The absolute value |-|^ is archimedean when = R or = C; we 
will say that v is infinite, or archimedean. Otherwise, the absolute value |-|^ is ultrametric 
and the place v is called finite, or non-archimedean. 

Let f be a finite place of F. The set o„ of all a G such that \a\^ ^ 1 is a subring 
of F„, called the ring of f-adic integers. Its subset consisting of all a E Fy such that 
\a\^ < 1 is its unique maximal ideal. The residue field o^/m^, is denoted by ky. It is a 
finite field and we write for its cardinality. The ideal is principal; a generator will 
be called a uniformizing element at v. For any such element w, one has = q~^. 

Fix an algebraic closure F of F. The group Fj? of all F-automorphisms of F is called 
the absolute Galois group of F. For any finite place v G Val(F), fix an extension |-|- 
of the absolute value |-|^ to F. The subgroup of Fj? consisting of all 7 G Tp such that 
17(a) I = |a|^ for all a G F is called the decomposition subgroup of Fj? at v and is 
denoted F„. 

These data determine an algebraic closure ky of the residue field ky, together with 
a surjective group homomorphism Ty — > Ga\{ky/ky). Its kernel F^ is called the inertia 
subgroup of F^ at v. Any element in Ty mapping to the Frobenius automorphism x ^ 
a;"^" in Gal(A;^/A;^) is called an arithmetic Frobenius element at v; its inverse is called a 
geometric Frobenius element at v. The subgroups Ty and F°, and Frobenius elements, 
depend on the choice of the chosen extension of the absolute value |-|^; another choice 
changes them by conjugation in Tp- 

The ring of adeles Ap of the field F is the restricted product of all local fields Fy, for 
V G Val(F), with respect to the subrings 0^ for finite places v. It is a locally compact 
topological ring and carries a Haar measure /i. The quotient space Ap/F is compact; we 
shall often assume that /i is normalized so that fi{Ap/F) = 1. 

2.2.2. The adelic space of an algebraic variety. — Let U be an algebraic variety over F. 
The space U{Ap) of adelic points of U has a natural locally compact topology which we 
recall now. Let ^ be a model of U over the integers of F, i.e., a scheme which is flat and 
of finite type over Spec p together with an isomorphism of U with ^ F. The natural 
maps Ap Fy induce a map from U{Ap) to nDeVai(F) U{Fy). It is not surjective unless 
U is proper over F; indeed its image — usually called the restricted product — can be 
described as the set of all {xy)y in the product such that Xy & ^ (o„) for almost all finite 
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places V. Since two models are isomorphic over a dense open subset of Spec Op, observe 
also that this condition is independent of the choice of the specific model 

We endow each U (F^) with the natural f-adic topology; notice that it is locally compact. 
Moreover, for any finite place v, ^(o^) is open and compact in U{Fy) for this topology. 

We then endow U{Af) with the "restricted product topology", a basis of which is given 
by products Yly ^v, where for each v G Val(F), is an open subset of U{Fjj), subject to 
the additional condition that = ^{o^) for almost all finite places v. Let Q C U{Af) 
be any subset of the form H?;^''' with Qy C U{Fy), such that = '^(o^) for almost all 
finite places v. Then Q is compact if and only each Qy is compact. It follows that the 
topology on U{Af) is locally compact. 

2.2.3. Adelic metrics. — Let X be a proper variety over a number field F and ^ a line 
bundle on X. An adelic metric on is a collection of f-adic metrics on the associated 
line bundles on the F^-analytic varieties X{Fy), for all places v in F, which, except for 
a finite number of them, are defined by a single model {^,^) over the ring of integers 
of F. 

By standard properties of schemes of finite presentation, any two fiat proper models 
are isomorphic at almost all places and will therefore define the same f-adic metrics at 
these places. 

2.2.4- Example: projective space. — For any valued field F, let us endow the vector- 
space with the norm given by |(xo, . . . = max(|xo| , . . . , \xn\). When F is a 
number field and v G Val(-F), the construction l2.1.B] on the field Fy furnishes a metric on 
the line bundle on P*^. This collection of metrics is an adelic metric on ^(1), which 
we will call the standard adelic metric. 

2.2.5. Extension of the ground field. — If F' is any finite extension of F, observe that 
an adelic metric on the line bundle ^ ® F' over X ® F' induces by restriction an adelic 
metric on the line bundle ^ over X. We only need to check that the family of metrics 
defined by restriction are induced at almost all places by a model of X on F. 

Indeed, fix a model (^',^') of (X ® F',S^ ® F') over SpecOi;'/, as well as a 
model over SpecOi?. There is a non-zero integer N such that the identity map 

X ® F' X ® F' extends to an isomorphism ^ ® Op'lj^] — > ^Op' [jf] ■ Consequently, 
at all finite places of F' which do not divide N, both models define the same metric 
on L ® F'. It follows that the metrics of L are defined by the model (J^,^) at all but 
finitely many places of F. 

2.2.6. Heights. — Let X be a proper variety over a number field F and let =5f be a line 
bundle on X endowed with an adelic metric. Let x G X{F) and let ^ be any non-zero 
element in ^(x). For almost all places f, one has ||£||^ = 1; consequently, the product 
Y\v W^Wv converges absolutely. It follows from the product formula that its value does not 
depend on the choice of ^. We denote it by H^{x) and call it the (exponential) height 
of X with respect to the metrized line bundle 

As an example, assume that X = P" and =Sf = endowed with its standard adelic 

metric (12.2.41) . Then for any point x G P"(F) with homogeneous coordinates [xq ■ ■ ■ : x^] 
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such that xq 7^ 0, we can take the element i to be the value at x of the global section Xq. 
Consequently, the definition of the standard adelic metric implies that 

HA^)= n ( maxfbn!''"'" \x I ) ) ^ H max(|xoL , . . . , J, 

in view of the product formula nt,eVai(F) \^o\v ~ ^- ^^^^ recover the classical (expo- 
nential) height of the point x in the projective space. 
In general, the function 

log Hj^: X{F)^R 

is a representative of the class of height functions attached to the line bundle using 
Weil's classical "height machine" (see p7], especially Part B, §10). 

When ^ is ample, the set of points x G X{F) such that H^{x) ^ B is finite for any 
real number B (Northcott's theorem). 

2.3. Heights on adelic spaces 

Let f be a non-zero global section of =Sf and let Z denote its divisor. We extend the 
definition of if^^f to the adelic space X{Ap) by defining 

(2.3.1) ^^^,f(x)=(ni|f|l.(^))~' 

V 

for any x G X{Ap) such that the infinite product makes sense. 

To give an explicit example, assume again that X is the projective space P" and 
that ^ is the line bundle ^p(l) endowed with its standard adelic metric; let us choose 
f = Xq. Then, U = X \ div(s) can be identified to the set of points [1 : ■ ■ ■ : Xn] of P" 
whose first homogeneous coordinate is equal to 1, i.e., to the affine space A". For any 
X = {xy)^U{Ap), given by x = [1 : Xi : ■ ■ ■ : x„], with Xj = {xi^y)^ G Ap, one has 

H^,fix) = Yl max(l, , . . . , |x„,^y. 

v£Yal(F) 

Lemma 2.3.2. — Let U he any open subset of X. 

i) For any x G X{Ap), the infinite product defining iJ^,f(x) converges to an element of 
(0,+oo]. 

ii) The resulting function is lower semi- continuous and admits a positive lower hound on 
the adelic space X{Ap). 

iii) Iff does not vanish on U, then the restriction of Hj^f to U{Ap) is continuous (for 
the topology of U{Ap) ). 

iv) Assume that X = U U Z . Then, for any real number B, the set of points x G U{Ap) 
such that Hj^^f{x.) ^ B is a compact subset ofU{Ap). 

Proof — For any place v, let us set Cy = max(l, ||f H^,). One has Cy < oo since X{Fy) 
is compact and the function ||f||^ on X{Fy) is continuous. Moreover, it follows from the 
definition of an adelic metric that ||f||^ = 1 for almost all v, so that Cy = 1 for almost all 
places V. 



16 



ANTOINE CHAMBERT-LOIR & YURI TSCHINKEL 



Consequently, the infinite series Xlt.eVai(F) ^'-'S ll^f IP has (almost all of) its terms non- 
negative; it converges to a real number or to +00. This shows that the infinite product 
i7^,f(x) converges to an element in (0, +00]. Letting C = 1/ Yly c^, one has i7jf,f(x) ^ C 
for any x e X{Af), which proves (i) and the second half of (ii). 

Let Vi be the set of places v e Val(F) such that Cy > 1; one has 

logi7jf,f(x) = sup V'log ||f^||"\ 

ViCVcVsXiF) 

where V runs within the finite subsets of Val(F) containing Vi. This expression shows 
that the function x 1— > logif^ f(x) is a supremum of lower semi-continuous functions, 
hence is lower semi-continuous on X[Kf)-, hence the remaining part of Assertion (ii). 

Let us now prove (iii). Let ^ he a flat projective model of X over Of, let ^ be the 
Zariski closure of Z and Y = ^ \ let ^ be the Zariski closure of X \ U and let 

^ = =r \ ^. 

By definition of an adehc metric, for almost all finite places v e Val(F), ||/||^ is identi- 
cally equal to 1 on ^(Oy). By definition of the topology of U{Af), this implies that the 
function is locally given by a finite product of continuous functions; it is therefore 
continuous. 

Let us finally establish (iv). Consider integral models as above; since U contains V by 
assumption, then ^ D 

For any x = {xy)y e X{Af), one has 

||f II {Xy) = if^,f(x)-l Yl ||f II {Xy)-' ^ C-'Hj^,,{x)-\ 

If moreover i7_^^f(x) ^ B, then ||f|| (xy) ^ (BC)^^. The set of points Xy G X{Fy) 
satisfying this inequality is a closed subset of the compact space X{Fy), hence is compact. 
Moreover, this set is contained in U{Fy) because, by assumption, f vanishes on X\U. 
Consequently, this set is a compact subset of U{Fy). 

If the cardinality qy of the residue field ky is big enough, so that the t>-adic metric 
on =5f is defined by the line bundle at the place v, then — log ||f ||„ (a;„) is a non- 

negative integer times logg^. The inequality — log ||f||^ {xy) ^ log(SC) then implies that 

-log PL i.^v) = 0. 

Let Eb denote the set of points x G U{Af) such that Hy f{x.) ^ B. By what we proved, 
there exists a finite set of places V (depending on B) such that Eb is the product of a 
compact subset of Ylvev^i^v) and of Ylv^v ^('^■")- Since ^{Oy) C '^(0^), we see that 
Eb is relatively compact in [/(Ap). By lower semi-continuity, it is also closed in U{Af), 
hence compact. □ 

We observe that the hypotheses in (iii) and (iv) are actually necessary. They hold in the 
important case where U — X \ Z; then, H^ f defines a continuous exhaustion of U{Af) 
by compact subsets. 
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2.4. Convergence factors and Tamagawa measures on adelic spaces 

2.4-1- Volumes and local densities. — Let X be a smooth, proper, and geometrically 
integral algebraic variety over a number field F. Fix an adelic metric on the canonical 
hne bundle ujx] by the results recalled in 12.1. 7[ for any place v of F, this induces a 
measure tx,v on and its restriction tu,v to U{Fy). 

Let f/ be a Zariski open subset of X and let Z = X \ U. Fix a model ^ of X, and let 
3f be the Zariski closure of Z in ^ and ^ = \ 

By a well-known formula going back to Weil (|^, see also [38j, Corollary 2.15), the 
equality 

(2.4.2) TuA'^io,)) = q~'^^''i^^{K). 

holds for almost all non-archimedean places v. 
2-4-3. Definition of an L-function. — 

Definition 2.4.4. — We define EP(f/) to be the following virtual Cl[T p] -module: 

It is an object of the Grothendieck group of the category of finite dimensional Q- vector 
spaces endowed with a continuous action of F^, meaning that there is a finite extension F' 
of F such that the subgroup Tp' acts trivially. Such a virtual Galois- module (we shall 
often skip the word "virtual" ) has an Artin L-function, given by an Euler product 

L(s,EP(f/))= Yl L,(s,EP(t/)), L,(s,EP([/)) =det(l-g-^Fr, |EP(f/)^°)"\ 

V finite 

where Fr^, is a geometric Frobenius element and F^ is an inertia subgroup at the place v. 
Lemma 2.4.5. — For any finite place v of F, L^(s,EP(f/)) is a positive real number. 

Proof. — We have L^(s,EP(f/)) = Qv^^^^^^^^^ fiq^), where the rational function 

/(X) = det(X-Fr,|EP(f/)) 

is the virtual characteristic polynomial of Fr^ acting on EP{U). Since the action of F^ 
on EP{U) factorizes through a finite quotient, the rational function has only roots of unity 
for zeroes and poles. 

By irreducibility of the cyclotomic polynomials $„ in Q[X], this implies the existence 
of rational integers (a„)„^i, almost all zero, such that 

det(X - Fr, I EF{U)) = J] <I'„(X)'^". 

From the inductive definition of the cyclotomic polynomials namely nd|n^'i("^) ~ 
X^ — 1, we see that ^n{x) > for any real number x > 1 and any positive integer n. In 
particular, f{x) > for any real number x > 1 and L„(l, EP(f/)) > 0, as claimed. □ 
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(To simplify notation, we shall also put L^, = 1 for any archimedean place v.) More 
generally, if S is an arbitrary set of places of F, we define 

L^(s,EP(f/)) = J]L,(s,EP(f/)). 

This Euler product converges for Re(s) > 1 to a holomorphic function of s in that domain; 
by Brauer's theorem [8j, it admits a meromorphic continuation to the whole complex 
plane. We denote by 

Lf(l,EP(f/)) = limL^(s,EP(f/))(s- 1)-", r = ord,=i L^(s, EP(t/)), 

its "principal value" at s = 1. 

From the previous lemma, we deduce the following corollary. 

Corollary 2.4.6. — For any finite set of places S of F, Lf(l,EP(f/)) is a positive real 
number. 

We now show how this L-function furnishes renormalization factors for the local mea- 
sures TjJ^y. 



Theorem 2.4.7. — In addition to the notation and assumptions of ^2.4-^ suppose that 

H1(X,^x) = H2(X,^x) = 0. 
Then L,,(l, EP([/))r[/,^(^(o^)) = 1 + 0{qv^^'^). In particular, the infinite product 

nL.(l,EP([/))rc7,,(^(o,)) 

converges absolutely. 

Remark 2.4.8. — For a smooth projective variety X and any integer the vector- 
space H°(X, defines a birational invariant of X. Let us sketch the proof. For any 
birational morphism /: X X', there are open subsets V d X and V' C X' whose 
complementary subsets have codimension at least 2 such that / is defined on V and f~^ is 
defined on V . The restriction morphism H°(X, — > H°(V,f2^) is then injective since 
V is dense, and surjective by the Hartogs principle; similarly, the restriction morphism 
H°(X',fi^,) Y{^(y\VL\i) is an isomorphism. Consequently, the corresponding regular 
maps g:V-^X'a.ndg':V'-^X define morphisms H°(X',fi^,) H°(X,fi*^) and 
H°(X, — > H°(X',fi^,) both compositions of which equal the identity map, hence are 
isomorphisms. 

When the ground field is the field of complex numbers, Hodge theory identifies these 
vector-spaces with the conjugates of the cohomology spaces H*(X, i^x)- Consequently, 
these spaces define birational invariants of smooth complex projective varieties. Moreover, 
by the Lefschetz principle, this extends to smooth projective varieties defined over a field 
of characteristic 0. In particular, the assumptions of the theorem are therefore conditions 
on the variety U and do not depend on its smooth compactification X. 
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Proof. — Blowing up the subscheme Z and resolving the singularities of the resulting 
scheme, we obtain a smooth variety X', with a proper morphism vr: X' — X, which is an 
isomorphism above U , such that Z' = tt~^{Z) is a divisor. 

By the previous remark, the variety X' satisfies }i^{X', ^x') = H2(X', ^x') = 0. Let 
U' = 7r~^(f/); since vr is an isomorphism, any model {^',^') of {X',Z') will be such 
that = \ 2^' is isomorphic to at least over a dense open subset of SpecOj?. 
In particular, the cardinalities of %'{k^ and % ik^) will be equal for almost all places v. 
In view of Weil's formula recalled as Equation fl2.4.2p . this implies that Tyi ^^{^'{o^^ = 
Tu,v{'^ (Ov)) for almost all finite places v of F. 

Consequently, assuming that Z is a divisor does not reduce the generality of the argu- 
ment which follows. 

For almost all places v, one has 

Evidently, 

#^(fc„) = #jr(A;,)-#J^(fc,). 

Let £ be a prime number. By the smooth and proper base change theorems, and by 
Poincare duality, the number of points of ^{K) can be computed, for any finite place v 
of F, via the trace of a geometric Frobenius element Fr^ G r„ on the £-adic cohomology 
of Zp, as soon as is smooth over the local ring of Oi? at f and the residual characteristic 
at V is not equal to £. Specifically, for any such finite place v, one has the equality 

2d 

^-dimx ^ ^ J]g-/2tr(Fr, \R\Xp, Q,)). 

i=0 

By Deligne's proof [T7] of the Weil conjectures (analogue of the Riemann hypothesis) the 
eigenvalues of Fr„ on }i''{Xp, Qi) are algebraic numbers with archimedean eigenvalue g*/^. 
Therefore, the ith term of the sum above is an algebraic number whose archimedean 
absolute values are bounded by dimH*(Xjf., Q,i)q~^^'^. In particular, the sum of all terms 
corresponding to i ^ 3 is an algebraic number whose archimedean absolute values are 
0{qv^^'^) when v varies through the set of finite places of F. 

The term corresponding to i = is equal to 1 since X is geometrically connected. 

Moreover, it follows from Peyre's arguments ([35], proof of Lemma 2.1.1 and Proposi- 
tion 2.2.2) that one has 

}l\Xp,Qe) = 

and that the cycle map induces an isomorphism of Q£[ri7] -modules 

Pic(Xp)®Q^ ^H2(Xp,Q,(l)). 

Let Il{Zp) denote the free Z-module with basis the set of irreducible components of 
Zp, endowed with its Galois action. 

Lemma 2.4.9. — For almost all v, one has the equality 

# ^(K) = n,qf^^ + Oiqf"^^-''^), 
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where = tr(Fr^ |n(Zj7')) is the number of irreducible components of ^ ^ which are 
geometrically irreducible. 



Proof of the lemma. — In fact, we prove, for any scheme /op which is flat, of finite 
type, and whose generic fibre Z has dimension d, the following equality 

where is the number of fixed points of Fr^, in the set of (i-dimensional irreducible 
components of Zp. 

First observe that there is a general upper bound 

for some integer C > 0. When is quasi-projective, this follows for example from 
Lemma 3.9 in [12j, where C can be taken to be the degree of the closure of Z in a 
projective compactification; the general case follows from this since is assumed to be 
of finite type. 

Consequently, adding or removing a subscheme of lower dimension gives an equivalent 
inequality, so that we may assume that ^ is projective and equidimensional. By resolution 
of singularities, we may also assume that Z is smooth. 

Let £ be a fixed prime number. As above, we can compute # ^{K) using the £-adic 
cohomology of Zp: one has an upper bound 

q;'' # ^(K) = tr(Fr, \W{Zp, Q,)) + Oiq;'/'). 

Moreover, ¥P{Zp,Cl£) ~ Q^''^^\ where Il{Zp) denotes the set of connected components 
of Zp, the Frobenius element Fr^, acting trivially on this ring. Consequently, 

tr(Fr„ \R\Zp, Q,)) = tr(Fr„ \U{Zp)) 

and the lemma follows from this. □ 

Let us return to the proof of Theorem I2.4.7[ By the preceding lemma, we have 

hence 

g-dimx ^^^k,) = 1 _ 1 tr ( Fr, \U{Zp) ® Q, - H|(X^, Q,(l))) + 0{q;'/'). 

Let us show that the trace appearing in the previous formula is equal to tr(Fr^ | EP([/)). 
The order of vanishing/pole along any irreducible component of Zp defines an exact 
sequence of abelian sheaves for the etale site of Xp: 

where i: Up ^ Xp is the inclusion and ja ■ Z^ Xp are the inclusions of the irreducible 
components of Zp. These sheaves are endowed with an action of Y p for which the above 



f^^^The proof below uses Deligne's proof of Weil's conjecture but the result can be deduced from the 
estimates of Lang- Weil in ^ . 
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exact sequence is equivariant. Taking etale cohomology gives an exact sequence of Tp- 
modules: 

^ R\Xp, Gm) il%Up, Gm) ^ B.%Z^, Z) ^ R'iXp, GJ R\Up, GJ. 

Moreover, this last map is surjective: it can be identified with the restriction map 
Pic(X^) — > Pic(t/^) which is surjective because Xp is smooth and Up open in Xp. 
The scheme Xp is proper, smooth and connected hence H°(Xjf', Gm) = F*. Moreover 
for any a, is connected which imphes H°(Zq,, Z) = Z, that is 0H°(Zq,, Z) = Il{Zp). 
Finally, one obtains an exact sequence of Z[rp']-modules 

B.%Up, Gm)/F* U{Zp) Pic{Xp) Pic{Up) 0, 

which after tensoring with gives an equality of virtual representations 

(2.4.10) EP{U) = U{Zp)ci, - Pic(X^)Q, = U{Zp)ci, - Hi(X^, Q,(l)). 

This implies that 

g;dimx = 1 - -tr(Fr, | EP(f/)) + 0(g-3/^). 

Since the eigenvalues of Fr„ on the two Galois modules defining EP(?7) are algebraic 
numbers whose absolute values are bounded by 1, one has 

det(l - q;' Ft, \ EP{U)) = 1-- tr(Fr, | EP(f/)) + 0(g,-2). 

Qv 

Now, 

L,(l,EP(f/))g-'i^-^#'^(A;J = det(l-g,;i Fr, | EP(f/))-ig-'i^-^ # '^(A;,) = l+0(g-3/2), 
and the asserted absolute convergence follows. □ 

Definition 2.4.11. — Let F be a number field; let X be a smooth proper, geometrically 
integral variety over F such that }i^{X, Gx) = H^(X, ^x) = 0. Let Z be a Zariski closed 
subset in X , and let U = X \ Z . The Tamagawa measure on the adelic space U{Ap) is 
defined as the measure 

T§ = Lf (1, EP(t/))-i ( n L.(l, EP(f/)) ru,. ) 

\v^S J 

By Proposition 12.4.71 this infinite product of measures converges; moreover, non-empty, 
open and relatively compact, subsets of f/(Af.) have a positive (finite) r^-measure. In 
particular, compact subsets of U{Af,) have a finite r^-measure. 

Remarks 2.4.12. — In the literature, families (A^,) of positive real numbers such that 
the product of measures Htjl'^f'^c/,*' ) converges absolutely are called sets of convergence 
factors (see, e.g., [H] or [38]). Our theorem can thus be stated as saying that for any 
smooth geometrically integral algebraic variety U having a smooth compactification X 
satisfying H^(X, ^x) = H2(X, ^x) = 0, the family (L^(l, EP(f/))) is a set of convergence 
factors. Let us compare our construction with the previously known cases. 
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a) The Picard group of an affine connected algebraic group U is finite; in that case, 
EP([/) is therefore the Galois module of characters of U and we recover Weil's definition 
( |44j ) ■ For semi-simple groups, there are no non-trivial characters and the product of the 
natural local densities converges absolutely, as is well-known. This is also the case for 
homogeneous varieties G/H studied by Borovoi and Rudnick in where G D H are 
semi-simple algebraic groups without non-trivial rational characters. 

b) On the opposite side, integral projective varieties have no non-constant global func- 
tions, so that EP{U) = Pic{Up) if U is projective. We thus recover Peyre's definition of 
the Tamagawa measure of a projective variety |35j . 

c) Salberger [38] has developed a theory of Tamagawa measures on "universal torsors" 
introduced by CoUiot-Thelene and Sansuc [15j. A universal torsor is a principal homoge- 
neous space E over an algebraic variety V whose structure group is an algebraic torus T 
dual to the Picard group of V such that the canonical map Hom(T, Gm) H^(^, Gm), 
sending a character % to the G^-torsor x*[E] deduced from E by push-out along x, is an 
isomorphism. Such torsors have been successfully applied to the study of rational points 
on the variety V (Hasse principle, weak approximation, counting of rational points of 
bounded height); see [151 EZl El SSI • 

By a fundamental theorem of Colliot-Thelene and Sansu@ universal torsors have 
no non-constant invertible global functions and their Picard group is trivial (at least 
up to torsion). It follows that the virtual Pi^-module EP{E) is trivial. This gives a 
conceptual explanation for the discovery by Salberger in [52] that the Tamagawa measures 
on universal torsors could be defined by an absolutely convergent product of "naive" local 
measures, without any regularizing factors. 

2.4-13. — Assume moreover that Z is the support of a divisor D in X (more generally, 
of a Cartier Q-divisor) and that uJx{D) is endowed with an adelic metric; this induces a 
natural metric on iffx{D). For any place v, the metric on uox{E)) on X{F„) gives rise to 
a measure T(^x,d),v on U{Fy), which is related to the measure tx,v by the formula 

dT(x,D),v{x) = I drx,t,(x), 
||TD||(a;) 

where f^ is the canonical section of ^x(-D). By definition of an adelic metric, the metric 
on ^x(-D) is induced, for almost all finite places v, by the line bundle (^jr(^) on the 
integral model ^ , where ^ is a Cartier divisor with generic fibre D. For such places v, 
one has W^dW (x) = 1 for any point x G ^(o^,), so that the measures T(^x,d),v and tx^v 
coincide on ^ (o^). 

This shows that the product 

r(5,,^) =Lf(l,EP(t/))-i (nU(l,EP(^))r(x,D),. ) 



•^^^ Apply [TS], Prop. 2.1.1 with K = k, the map S Pic(X^)) being an isomorphism by the very definition 
of a universal torsor. 
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also defines a Radon measure on U{Ap). In fact, one lias 

drfx,D)(x) = ( Yl W^dW {x,)y' dT§{x) = Hd{x) dr^(x), 

V 

and H£,{x) is the height of x relative to the metrized line bundle ^x{D). 

2.4.14. Example: compactifications of algebraic groups. — As in the case of local fields, 
we briefly explain the case of algebraic groups and show how our theory of measures 
interacts with the construction of a Haar measure on an adelic group. We keep the 
notation of the previous paragraph, and assume moreover that U is an algebraic group G 
over F of which X is an equivariant compactification. Let us fix a invariant differential 
form of maximal degree uj on G; viewed as a meromorphic global section of c^x? it has 
poles on each component of X \ G (see [13], Lemma 2.4); we therefore write —D for its 
divisor. 

For any place v G Val(F), viewing as a gauge form on G{F^) defines a Haar mea- 
sure |ti;|^ on G{Fy). For almost all finite places u, G(o„) is a well-defined compact subgroup 
of G{Fv). We normahze the Haar measure dg^ on be dividing the measure \u!\^ by 

the quantity # G(/c„)g~'^™*^ for these places v, and by 1 at other places. By construction, 
for almost all v, dg^ assigns volume 1 to the compact open subgroup G{Ov), hence the 
product Ylv is a well-defined Haar measure on G{Af)- 

By Proposition 12.4.71 we have the estimate 

L,(l, EP(G)) #G(A;,)g-'i-« = 1 + 0{q;'/'), 

from which we deduce that their infinite product converges absolutely. Consequently, 
Yl^ L„(l, EP(G)) is also a Haar measure on G{Ap). 

Now, by the very definition of the adelic measures T(x,d) and tx on G{Ap), one has 

dr(x,D)(fi') = Hoig) drxig) 

= nil^(^)t X L.(l,EP(G))-in(^L.(l,EP(G))^J^|y^ 

= L,(l, EP(G))-i n EPIC)) d 1^1, (g)). 

V 

This shows that, in the particular case of an equivariant compactification of an algebraic 
group, our general definition of the measure T(^x,d) on X\ |D| gives rise to a Haar measure 
on G{Af). 

2.5. An abstract equidistribution theorem 

In some cases, it is possible to count integral (resp. rational) points of bounded height 
with respect to almost any normalization of the height, i.e., with respect to any metriza- 
tion on a given line bundle. Analogously, we obtain below an asymptotic expansion for 
the volume of height balls for almost any normalization of the height. 
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In this subsection, we show how to extract from the obtained asymptotic behavior a 
measure-theoretic information on the distribution of points of bounded height or of height 
balls. 

The following Proposition is an abstract general version of a result going back to Peyre 
([35], Proposition 3.3). 

Proposition 2.5.1. — Let X he a compact topological space, U a subset of X and 
H: U ^ R+ a function. Let v he a positive measure on X such that for any real num- 
ber B, the set {x e [/ ; H{x) ^ B} has finite v-measure. 

Let S be a dense subspace of the space C{X) of continuous functions on X , endowed 
with the sup. norm. Assume that there exist a function a: R_|_ — and a Radon 
measure fi on X such that for any positive function 6 E S, 

u{{x eU; H{x) ^ e{x)B]) ~ a{B) [ 9{x)dfi{x) 

Jx 

for B +00. Then, for B +oo, the measures 

= ^^Mh{xKb} du{x) 

on X converge vaguely to the measure fi. In other words: 

i) for any continuous function f G C{X), 

—TB^ I l{i/(x)s;B}/(a;)dz/(x) -> / /(x)d/i(x), for B ^ +oo; 
<^{B) Jx Jx 

ii) for every open set Vt d X which is fi-regular, 

u{{xennU; H{x) ^ B}) = a{B)fi{n) + o(a(5)). 

Before entering the proof, let us introduce one more notation. For 9 G C(X), > 0, let 

N{9-B) = u{{x eU; H{x) ^ 9{x)B}). 
For any open subset Q G X, let 

Nn{B) = u{{x ennU; H{x) ^ B}). 

Proof. — First remark that these hypotheses imply that for any A > 0, a{XB)/a{B) — > A 
when B +oo. Indeed, taking any positive 6* G S", 

a{XB) a{\B) J^9{x)dfi{x) N{9;XB) N{X9]B) a{B) \9{x) dfx{x) 
a{B) a{B) J^9{x)dfi{x) N{9;B) N{9;B) a{B) 9{x) dfi{x) 

Now, it is of course sufficient to prove that N^{B)/a{B) f^{^) for any /i-regular 
open set Q G B. Fix e > 0. Since C X is /i-regular, there exist continuous functions / 
and g on X such that 

f^-i-u^g 

and such that J{g — /)d/i ^ e. Since S is dense in C(X), we may also assume that / and 
g belong to S and that they are non-negative. 
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Let fs = e + {1 — e)f, Xe — £ + (1 — and — e + {1 — e)g. The inequality 
fe^Xe ^ Qe implies that 

N{f,;B)^N{xe\B)^N{g,;B). 

Moreover, by definition, 

Q ^ N{xe;B) - Na{B) ^ Nx{sB). 

Therefore, 

Mmmi N^{B)a{B)-^ ^ Mmmi N{xe\ B)a{B)-^ Nx{eB)a{B)-^ 

^ W-mivd N [f,] B)a{B)-^ -e 



^ J /,d/x-£ = J fdi^ + 0{e). 

Similarly, 

]imsup Na{B)a{B)-^ ^ J gdn + 0{e). 
When £ — > 0, one thus finds 

as claimed. □ 
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3. Geometric Igusa integrals: Preliminaries 
3.1. Clemens complexes and variants 

In this section, we study analytic properties of certain integrals of Igusa-type attached 
to a divisor D in a variety X. This requires the introduction of a simplicial set which 
encodes the intersections of the various components of D, and which we call the Clemens 
complex. Such a simphcial set has been used by Clemens in fl3] in his study of the 
Picard-Lefschetz transformation (see also |23j). 

3.1.1. Simplicial sets. — We recall classical definitions concerning simplicial sets. A 
partially ordered set, abridged as poset, is a set endowed with a binary relation -< which 
is transitive {a -< b and b -< c implies a -< c), antisymmetric {a -< b and b -< a implies 
a = b) and reflexive (a -< a). If a -< 6, we say that a is a face of 6; in particular, the 
transitivity axiom for a poset means that a face of a face is a face. 

There are obvious definitions for morphisms of posets, sub-posets, as well as actions of 
groups on posets. 

As an example, if ^ is a set, the set of non-empty subsets of together with 

the inclusion relation, is a poset. We shall interpret it geometrically as the simplex on 
the set of vertices £^ and denote it by .5^^^. More generally, a simplicial complex on a 
set .e/ is a set of non-empty finite subsets of called simplices, such that any non-empty 
subset of a simplex is itself a simplex. The dimension of a simplex is defined as one less 
its cardinality: points, edges,... are simplexes of dimension 0, 1,... The dimension of a 
simplicial complex is the supremum of the dimensions of its faces. The order relation 
endows a simplicial complex with the structure of poset. In fact, simplicial complexes are 
sub-posets of the simplex 

Let 5* be a poset. The dimension of an element s E S, denoted dim(s), is defined as 
the supremum of the lengths n of chains Sq -<■■■-< s„, with s„ -< s. Similarly, the 
codimension codim(s) of an element s G 5* is defined as the supremum of the lengths of 
such chains with s -< Sq. Elements of dimension 0, 1,. . . , are called vertices, edges,... The 
dimension dim(S') of S is the supremum of all dimensions of all of its elements. 

It is important to observe that given a poset S and a sub-poset S", the dimension or 
the codimension of a face of S' may differ from their dimension or codimension as a face 

of sE 

Let S" be a poset. Categorically, an action of a group F on S* is just a morphism of 
groups from T to the set Aut(S') of automorphisms of S. In other words, it is the data, 
for any 7 G F, of a bijection 7^, of 5" such that 7^,5 -< 7^,5' is s -< s', subject to the 
compatibilities (77')* = 7*7* for any 7 and 7' G F. 

Let there be given a poset 5* and an action of F on S. The set of fixed points of F 
in is a sub-poset of S. In the other direction, the set S/T of orbits of F in S, can be 
endowed with the binary relation deduced from -< by passing to the quotient. Namely, 
for s and s' in 5*, with orbits [s] and [s'], we say that [s] -< [s'] if there exists 7 G F such 

•^^^This probably means that the terminology "sub-poset" is inappropriate; sub-posets for which the 
dimension notion is compatible are sometimes called ideals... 
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that s -< 7*s'. (This condition does not depend on the actual choice of elements s and s' 
in their orbits [s] and [s'].) 

There are obvious morphisms of posets, S and 5* ^ ^r; these morphisms are the 

universal morphisms of posets, respectively to S and from 5*, which commute with the 
action of T on S. 

As an example, assume that = the simplex with vertices in a set Actions 
of a group r on =5^^ correspond to actions of F on The simplicial sets and 
are respectively the simplices with vertices in the fixed-points and the orbits ^ /T. 

3.1.2. Incidence complexes. — Let X be a (geometrically integral) variety over a perfect 
field F and let D be a divisor in X. Fix a separable closure F of F . Let £^ be the set of 
irreducible components of Dp] for a G we denote by the corresponding component 
of Dp. For any subset A C j^/, we let Da = ^a&A^a] in particular, D0 = Xp. 

We shall always make the assumption that the divisor Dp has simple normal crossings: 
all irreducible components D^ of Dp are supposed to be smooth and to meet transver- 
sallyF^ In particular, for any subset A G ^ such that Da 7^ 0, Da is a smooth subvariety 
of Xp of CO dimension # A. 

The closed subschemes Da, for A C s^, are the closed strata of a stratification {D'^)ac£/, 
where, for any subset A C s^, D\ is defined by the formula: 

D\ = DA\[j Db. 

BDA 

There are in fact several natural posets that enter the picture, encoding in various ways 
the combinatorial data of whether or not, for a given subset A of the intersection Da 
is empty. The following observation is crucial for our definitions to make sense: 

Proposition 3.1.3. — Let A and A' be two subsets of such that A' c A. For any 
irreducible component Z of Da, there is a unique irreducible component Z' of Da' which 
contains Z . 

Proof. — If an irreducible component Z were contained in two distinct irreducible com- 
ponents of Da', these two components would meet along Z, which contradicts the simple 
normal crossings assumption on Dp. Indeed, Da being smooth, its irreducible components 
must be disjoint. □ 

3.1.4. The geometric Clemens complex. — The incidence complex J^p{D) defined by D is 
the sub-poset of ^*{^) consisting of non-empty subsets Aof such that the intersection 
Da is not empty. More precisely, we define the geometric Clemens complex ^p{D) as the 
set of all pairs {A,Z), where A G ^ is any non-empty subset, and Z is an irreducible 
component of the scheme Da, together with the partial order relation defined by {A, Z) -< 



f^^^This is equivalent to the weaker condition that D has normal crossings together with the smoothness 
of the geometric irreducible components of D: the condition that D has strict normal crossings is however 
stronger since the smoothness of an irreducible component of D implies that its geometric irreducible 
components don't meet. 
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{A' , Z') \l A d A' and Z D Z'. In other words, the set of vertices of ^p{D) is there 
are edges corresponding to irreducible component of each intersection fl Da'-, etc. 

Mapping [A, Z) to A induces a morphism of posets from the geometric Clemens complex 
to the incidence complex. In fact, we could have defined ^p{D) without any reference 
to £^ . Indeed, thanks to the normal crossings condition, given an irreducible component Z 
of a scheme Dai we may recover A as the set of a e ^2/ such that contains the generic 
point of Z. 

Since X is defined over F^Vp acts naturally on the set of integral subschemes of Xp. 
Since F is perfect, an integral subscheme Z of Xp is defined over F if and only if it is a 
fixed point for this action. 

For any 7 G F^r and any a G £^ , observe that 7*-Dq; is an irreducible component of Dp, 
because D is defined over F\ this induces an action of F^ on defined by 7*-Dq, = -D^a, 
for a & and 7 G F^r. Moreover, if Z is an irreducible component of an intersection 
Da-i for A C , then '^^,Z is an irreducible component of 7*1^^ = -D^.^. Consequently, 
we have a natural action of Vp on the geometric Clemens complex ^p{D), given by 
7^(yl, Z) = {'-y^A.^i^Z) for any element (A, Z) of '^p{D). 

The natural morphism of posets ^p[D) —>■ J^p{D) mapping {A, Z) to A is F^;'- 
equivariant. 

3.1.5. Rational Clemens complexes. — Let us denote by J^p{D) and "^p^D) the sub- 
posets of J^p{D) and ^f{D) consisting of F^-fixed faces. These posets correspond to the 
intersections of the divisors Da and to the irreducible components of these intersections 
which are defined over the base field F. Alternatively, they can be defined without any 
reference to the algebraic closure F by considering irreducible components of the divi- 
sor D, their intersections and the irreducible components of these which are geometrically 
irreducible. 

More generally, let E be any extension of F, together with an embedding of F in an 
algebraic closure E. As an example, one may take any extension of F contained in F. 
In our study below, F will be a number field and E will be the completion of F at a 
place v] the choice of an embedding F ^ E corresponds to the choice of a decomposition 
group at V. Under these conditions, there is a natural morphism of groups from the Galois 
group Vp oi E/E ioTp. In particular, the posets ^p{D) and J'p{D) are endowed with 
an action of F^;. 

Let us define the F-rational Clemens complex, ^p(D), as the sub-poset of ^f{D) fixed 
by Vp. In particular, for any face {A,Z) of ^p{D), the subschemes (-Da)e and Zp are 
defined over E. We shall denote {Da)e and Zp, or even Da and Z, the corresponding 
subschemes of Xp. Observe that Zp is geometrically irreducible. 

Conversely, let A be any non-empty subset of which is F^-invariant; then, is 
defined over E and corresponds to some subscheme {Da) e of Xp. Let Z be any irreducible 
component of {Da) e which is geometrically irreducible. Then, Zp is an irreducible com- 
ponent of {Da)e- By EGA IV (4.5.1), the set of irreducible components doesn't change 
when one extends the ground field from an algebraically closed field to any extension; 
consequently, Zp is defined over F and {A, Z) corresponds to a face of ^p{D). 
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3.1.6. E-analytic Clemens complexes. — Let E be any perfect extension of F together 
with an embedding F ^ E as above. We define the E-analytic Clemens complex, denoted 

as the sub-poset of ^e{D) whose faces are those faces {A, Z) such that Z[E) ^ 0. 
(When we write Z{E),we identify Z with the unique £'-subscheme oi Xe whose extension 
to E is Ze-) 

This complex can also be defined as follows. Let first A be any non-empty subset of ^ 
which is r£;-invariant and let Z be an irreducible component of Da. While {Da)e is 
defined over E, for the moment, Z is just a subschcmc of Xp. However, we can define 
Z{E) as the intersection in X{E) of X{E) and of Z{E); this is indeed what one would 
get if Ze where defined over E. 

Assume that Z{E) ^ 0. Let Z' be the smallest subscheme of Xe such that Z'^ con- 
tains Z. It is irreducible: if Z' were a union Z[ U Z2, one of them, say Z[, would be such 
that {Z'-^^)e contains Z^, because Zp is irreducible. Moreover, Z' is contained in {Da)e, 
since {Da)e contains Zp- It follows that Z' is an irreducible component of {Da)e- By 
assumption, Z'[E) 7^ hence, by EGA IV (4.5.17), Z' is geometrically connected. Since 
Da is smooth, so are {Da)e ^'e' ^^^^ ^^^^ subscheme being a union of irreducible com- 
ponents of {Da)e- But a connected smooth scheme is irreducible, hence Z' is irreducible 
and Z'^ — Ze- It follows that Ze is defined over E and (^4, Z) corresponds to a face of 

^r(L>). 

Let us finally observe that the dimension of a face {A, Z) of ^^{D) is equal to 
^(A/Te) — 1. Indeed, let n — ^{A/Te) and consider any sequence Ai C • • • C A^ — A 

of Fe-invariants subsets of A. Then, Da^ D Da2 D ■■■ D Da„ and each of them has 
a unique irreducible component Zi containing Z. Since Z{E) 7^ 0, Zi{E) is non-empty 
either, and the {Ai, Zi) define a maximal increasing sequence of faces of "^^{D). 

This notion will be of interest to us under the supplementary assumption that E is a. 
locally compact valued field. Indeed, such fields allow for a theory of analytic manifolds as 
well as an implicit function theorem. By the local description of X that will be explained 
below, for any face {A, Z) of 't^e{D), Z[E) is either empty, or is an ^'-analytic submanifold 
of X{E) of codimension #(A) which is Zariski-dense in Z. However, as a face of "^^^{D), 
[A, Z) has dimension jj^[A/TE) — 1 and it is that invariant which will be relevant in our 
analysis below. 

3.1.7. Example. — Below we describe these Clemens complexes in special cases, which 
are essentially governed by combinatorial data, namely for toric varieties and equivariant 
compactifications of semi-simple groups. We want to make clear that for general varieties, 
the three types of Clemens complexes can be very different. 

For example, let X be the blow-up of the projective space P"^ along a smooth sub- 
variety V defined over the ground field, let D be the exceptional divisor in X and let 
tt: X — > P" be the canonical morphism. The map vr induces a bijection between the 
set of irreducible components of Dp and the set of irreducible components of Vp, as well 
as a bijection between the set of irreducible components of D and the set of irreducible 
components of V . Moreover, a component Z oi D is geometrically irreducible if and 



30 



ANTOINE CHAMBERT-LOIR & YURI TSCHINKEL 



only if the corresponding component vr(Z) of V is; indeed, Z is isomorphic to the projec- 
tivized normal bundle of ^ in X. This description shows also that Z{F) = if and only 
7i{Z){F) = 0. 

To give a specific example, take V to be the disjoint union of a geometrically irreducible 
smooth curve Ci, without rational points, of a geometrically irreducible smooth curve C2 
with rational points and of a smooth irreducible curve C3 with two geometrically compo- 
nents C3 and C3. Then, '^{X,D) consists of four points corresponding to Ci, 02,0^,0'^ 
(there are no intersections), the F-rational Clemens complex 'Tia'F{X,D) consists of two 
points corresponding to Ci and C2, and the F- analytic Clemens complex ^|;'^(X, D) con- 
sists of the single point corresponding to Ci. We present further examples in Section [51 

3.2. Local description of a pair {X,D) 

3.2.1. Notation. — Let F be a perfect field, F an algebraic closure of F, X a smooth 
algebraic variety over F and D C X a reduced divisor such that Dp has strict normal 
crossings in Xp. Let us recall that this means that Dp is the union of irreducible smooth 
divisors in Xp which meet transversally. In other words, each point of Xp has a neighbor- 
hood f/, together with an etale map U — > such that for each irreducible component Z 
of n f/, Z n f/ is the preimage of some coordinate hyperplane in A^. 

Let £^ be the set of irreducible components of Dp; for a G let Da denote the 
corresponding divisor, so that Dp = ^aes/^a- ^'^^ ^ ^ denote by F^ the field of 

definition of D^ in F; its Galois group F^^ is the stabilizer of D^ in Tp. For A C we 
denote by Da the intersection of the divisors Da, for a E A; hy convention, D^ = X. 

Let a G The union IJaerFa conjugates of Da is a divisor in Xp which 

is defined over F; the corresponding divisor of X will be denoted by Aq. Similarly, the 
intersection of the divisors Da, for a G Tpa is a smooth subscheme of Xp which is defined 
over X; the corresponding subscheme of X will be denoted by E^. If Fa 7^ 0, then its 
codimension Tq, is equal to [Fa : F]. Moreover, Aa{F) = Ea{F). 

The choice of another element a' = 7*a in the orbit Tpa doesn't change Aq, nor Ea- 
However, it changes the field Fa to the conjugate F^' = 7*Fa and its stabilizer Tp^ to its 
conjugate subgroup Tp^, = •yTp^'y'^. Observe that r^' = Tq,. 

3.2.2. Local equations for the etale topology. — Let us now give local equations of D 
around each rational point of X. Fix a point ^ G X(F) and let a G ^ be such that 
^ G Da (it is a F^r-invariant subset of s^). 

When Fa = F, Da = Aq, x F is defined over F and the choice of a local equation for Da 
defines a smooth map from an open neighborhood f/^ of ^ in X to the affine line which 
maps n Da to {0} C A^ 

To explain the general case, let us introduce some more notation. We write Ap^ for the 
Weil restriction of scalars Kesp^/p A^ from Fa to F of the affine line. It is endowed with 
a canonical morphism A]^^ — > (Resir^/i? A^) Fa which induces, for any F-scheme V , a 
bijection 

Hom(V, Resi.„/i. A^) = Hom(\/ F„, A^). 
In particular, the F-rational points of Ap^ are in canonical bijection with F^,. 
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The F-scheme A^^ is an affine space of dimension = [F^ : F]. Let us indeed 
choose a F-hnear basis {ui, . . . ,Ur^) of F^. Then, the morphism A''" —>■ Ap^ given by 
J ^ Y^XiUi is an isomorphism. In these coordinates, the norm-form 1^f^/f 
of Fa is a homogeneous polynomial of degree [Fa : F] which defines a hypersurface in A^?^; 
it has a single F-rational point 0. 

Moreover, the Tq, F-linear embeddings of Fa into F induce an isomorphism Fa 
F ~ F'''"', hence an identification of A^^ Xp F with the affine space A^. Under this 
identification, the divisor of the norm-form corresponds to the union of the coordinates 
hyperplanes. 

Lemma 3.2.3. — There is a Zariski open neighborhood of ^ in X and a smooth map 

which maps Acflf/^ to the hypersurface of Ap^ defined by the norm equation Np^/p{x) = 0, 
such that there is a diagram 

Fa' A„c . Ui^dX 

{0}c {^f^/f{x) = 0}c . A^„. 

Proof. — Choose an element / in the local ring which is a generator of the ideal 

of Dai so that / = is a local equation of Da- For any 7 G Fi?, /'^ = is a local equation 
of 'y^:Da. Consequently, /'''// is a local unit at C,, for each 7 G Tp^, and the map 7 t— ^ 
/'•'// is a 1-cocycle for the Galois group F^^ with values in the local ring G*x- ^- By 
Hubert's Theorem 90 for the multiplicative group, this cocycle is a coboundary (see (34j . 
Proposition 4.9 and Lemma 4.10 for a non-elementary proof in that context) and there 
exists a unit u G ^Xp,i such that j f = /u for any 7 G Tp^. Consequently, fu'^ 
is an element of Gxp,^-, fixed by F^?^, which generates the ideal of Da- In other words, 
there is a Zariski open neighborhood of ^ in X, and a function g G F(l^ x p Fa-, <ffvxFa) 
such that 5^ = is an equation of Da in V x p Fa- To the morphism V Xp Fa — »■ A^^ 
corresponds by the universal property of the Weil restriction of scalars a morphism, still 
denoted 9, V ^ Ap^. 

Through the canonical identification, over F, of Ap^ with the affine space A^, the 
map g induces an isomorphism from Da to one of the coordinate hyperplanes, from Aq, 
to the union of the coordinate hyperplanes, while ^ maps to 0. At the level of F-rational 
points, the diagram (V, Aq,) {Ap^,H) corresponds to the map {V{F), Da{F)) 

{Fa,0)- □ 

3.2.4- Local charts. — Let C, G X{F). More generally, let be the set of a G ^ such 
that ^ G Da. Let Z be the irreducible component of Da^ which contains ^. It is geometri- 
cally irreducible and {A^, Z) is a face of 't^p^{D). For a sufficiently small neighborhood V 
of ^, there exists, for each a G A^, a smooth map Xa- V ^ Ap^ as in the previous 
paragraph. Since the divisors Da meet transversally, the map (xq) : V — > HaeA 
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smooth. By choosing additional local coordinates, and shrinking V if needed, we can 
extend it to an ctale map q^: ^ HaeAj ^ ■> with r = codimg(Dyi^, X) = ^{A^). 
We will also assume, as we may, that the open subset is affine and that fl = 
if a ^ A(_. 

Assume moreover that F is a local field. It follows from the preceding discussion that 
for each a G Aq,(F) = Ea{F) is a smooth F-analytic subvariety of X{F), either 
empty, or of codimension Va = [F : Fa]. For any F j^-invariant subset A of s^, let us 
denote by the intersection of all Aq, for a E A. Then, A^(F) = Ea{F) is either 
empty, or a smooth F-analytic subvariety of X{F) of codimension ta — #(^)- 

3.2.5. Partitions of unity. — In this section, we assume in addition that F is a local field 
and we consider the situation from the analytic point of view. Observe that the maps 
induce analytic etale maps U^{F) YlaeA/. x F^. The open sets U^{F) cover X{F) 
which is compact, since X is projective. Consequently, there is a finite partition of unity 
(6^) subordinate to this covering: for any x, 6^: X{F) — > R is a smooth function whose 
support is contained in U^{F), the map q^ is one-to-one on that support, '^^^x{f) — ^ 
and only a finite number of 9^ are nonzero. 

3.2.6. Metrized line bundles, volume forms. — Let a E £/ and let us consider the line 
bundle ^x(Aq,). It has a canonical section f^ the divisor of which is Aq,. Let us assume 
that F is a local field. On each open set of X, we have constructed a regular map 
Xa'. — > Ap^. Composed with the norm A.p^ — > A^, it gives us a regular function 
N(a;Q,) e F(t/^, 0'x) which generates the ideal of Aq, on U^. This function induces therefore 
a trivialization of iS'x{—^a)\u^- Consequently, a metric on &x{^a)\Ui. takes the form 
||fa|| (2^) = kalj?^ h^i.^) on U^{F), where we view Xa as a local coordinate U^{F) —>■ F^ 
and |a;Q,|^^ = |Ni?^/i?(xQ,) |^, and where h^: U^{F) is any continuous function. 

Similarly, on such a chart U^{F), we have a measure in the Lebesgue class defined by 
dx = HaeAj ^ ■ ■ '^^r- Any measure on X{F) which belongs to the Lebesgue 
class can therefore be expressed in a chart U^{F) as the product of this measure dx 
with a positive locally integrable function. Let us also observe that there are canonical 
isomorphisms 

^(A„)|^„ ^ ^A„(X)U„ ~ detyKE^iX). 

These isomorphisms allow us to define residue measures on Aq,(F) = Ea{F), and on their 
intersections, hence on all faces of the F-analytic Clemens complex ^p^{D). 

3.3. Mellin transformation over local fields 

3.3.1. Local zeta functions. — Let F be a local field of characteristic zero, with normal- 
ized absolute value |-|^. Define a constant Cp as follows: 

fM[-l;l]) ifF = R; 

(3.3.2) Cf = < /i(5(0; 1)) ifF = C; 

[(1 - 0(logg)"V(oF) if F D Qp, ? = \-uJF\f. 
(In the last formula, vop denotes a generator of the maximal ideal of Oi;'.) 
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For any locally integrable function F ^ C, we let 



for any complex parameter s such that the integral converges absolutely. We call it the 
Mellin transform of </?; to shorten the notation and when no confusion can arise, we will 
often write (f instead of ^pi^p), 

We write (p for the Mellin transform ^f{'^q) of v^o, the characteristic function of the 
unit ball in F. The integral defining C,f{s) converges if and only if Res(s) > 0, and one 
has 



Jo s 



for F = R 



TT 



,-1 



otherwise. 



n=0 ^ n=0 ^ 

In all cases, the function s ^ Cf{s) is holomorphic on the half- plane defined by Re(s) > 
and extends to a meromorphic function on C. It has a simple pole at s = 0, with 
residue cf- In the archimedean case, note that s = is the only pole of (f However, in 
the p-adic case, (f is (2i7r/logg)-periodic so that s = 2inn/logq is also a pole for any 
integer n; this will play a role in the use of Tauberian arguments later. 

3.3.3. Mellin transform of smooth functions. — One of our goals in that paper is to 
establish the meromorphic continuation, together with growth estimates, for integrals on 
varieties that are defined locally like Mellin transforms. To explain our arguments, we 
begin with the one-dimensional toy example. 

We say that a function (p: F ^ C is smooth if it is either C°° when F = R or C, or 
locally constant otherwise. If a and b are real numbers, we define T>a, resp. T(^a,b), as the 
set of s e C such that a < Re(s), resp. a < Re(s) < b. 

Lemma 3.3.4. — Let F be a local field of characteristic zero, let (p be a measurable, 
bounded and compactly supported function on F. Then, the Mellin transform 

^f{,'p){s) = J \x\^p^ ip{x) dx 

converges for s G C with Rc(s) > and defines a holomorphic function on T>o- Moreover, 
for any real numbers a and b such that < a < b, the function ^^((^(s)) is bounded 

Assume that (p is smooth. Then there exists a holomorphic function (pi on T>_i/2 such 
that v'i(O) = (p{0) and ^f{'p){s) = ^j?(s)(/9i(s). Moreover, for any real numbers a and b 
such that —^<a<b,(fii is bounded in T(^a,b) if F 'is ultrametric, while there is an upper 
bound 

\(pi{s)\ <^ I + \\m{s)\ , s e T(a,fe), 
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if F is archimedean. In particular, the function 

s I— > ^f(</?)(s) — (p{0)(f{s) 

is holomorphic and 

lim s^f((^)(s) = 0^(^(0) . 

s— >0 

Proof. — The absolute convergence of ^p{ip){s) for Re(s) > and its holomorphy in 
that domain immediately follow from the absolute convergence of C,f and the fact that tp 
is bounded and has compact support. So does also its boundedness in vertical strips 'T(^a,b) 
for < a < 6. 

Assume that tp is smooth. Let us prove the stated meromorphic continuation. Again, 
let denote the characteristic function of the unit ball in F . Replacing (/? by 99 — if{{])ipQ, 
it suffices to show that ^pi.^) is holomorphic on the half-plane Re(s) > —\ whenever 
</? is a compactly supported function on F which is smooth in a neighborhood of and 
satisfies </?(0) = 0. 

In the real case, one can then write \ip\ {x) — \x\p'4^{x) for some function if) which is 

continuous at 0. Similarly, in the complex case, one can write |v5(-2)| = The 
required holomorphy of ^p{ip){s) on the domain T^„i follows. In the ultrametric case, 

if vanishes in a neighborhood of and ^p{}p) even extends to a holomorphic function 
on C. 

In all cases, observe that ^f(</7)(s) is bounded in vertical strips T(a^^), if a and /3 are 
real numbers such that —\<a<(5. Now, the existence of the function ip\ and the 
asserted bound on this function follow from the fact that is holomorphic and satisfies 
this bound in these vertical strips. □ 

3.3.5. Higher-dimensional Mellin transforms. We consider a finite family (i^j)i<gj<g„ of 
local fields. For simplicity, we assume these to be finite extensions of a single completion 
of Q. Let us denote by V the space Y\Fj. Adopting the terminology introduced for 
functions of one variable, we say that a function on V is smooth if it is either C°°, in the 
case where the Fj are archimedean, or locally constant, when the Fj are ultrametric. If 
a = {ai, . . . , an) and f3 = {f3i, . . . , are families of real numbers, we define the sets T>o 
and T(a,/3) as the open subsets of C" consisting of those s e C" such that aj < Re(sj), 
resp. aj < Re(sj) < Pj, for j = 1, . . . ,n. When all aj are equal to a single one a, and 
similarly for the we will also write T"^ and T^^^^, or even T>o, and T(^a,0) when the 
dimension n is clear from the context. Let <^ be the vector space generated by functions 
on X C" of the form {x; s) 1-^ u{x)vi{x)^^ ...w„(,t)*'\ where u is smooth, compactly 
supported on V, and vi, . . . ,Vn are smooth, positive, and equal to 1 outside of a compact 
subset of V. For any function cp e ^ and s e C", we let 

^v{^){s) — / \xi\'^^~^ . . .\xnf"^~^ (p{x;s)dxi . . .dxn, 
Jv 

whenever the integral converges. 
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Proposition 3.3.6. — The integral ^v{'f){s) converges for any s G C" such that 
Re(sj) > for all j, and defines an holomorphic function in T>o- For any positive 
real numbers a and (3, ^v{v) ^■^ bounded on T^^^^^. 

Moreover, there exists a unique holomorphic function (pi on the domain 'T^_i/2 -^i^c/i 
that 

n 

for s G T!^g. Let a and (5 be real numbers such that —^<a<l3. Then, (pi is bounded 
on T"^ if the Fj are ultrametric, while there exists a real number c such that 

n 

if the Fj are archimedean. Moreover, (y9i(0) = <^(0;0). 

4. Geometric Igusa integrals and volume estimates 

4.1. Igusa integrals over local fields 

We return to our geometric situation: X is a smootli quasi-projective variety over a local 
field F, D is a. divisor on X such that Dp has simple normal crossings. We let be the set 
of irreducible components of Dp. For a G D^ denotes the corresponding component, 
while and Ea are respectively the sum and the intersection of the conjugates of Da- 

For a G we denote by fa the canonical section of the line bundle ff{Aci)- Endow 
the line bundles (^(A^), as well as the canonical bundle ujx with smooth metrics. Let 
Tx the corresponding measure on X. Following the definitions of 12.1.131 the analytic 
variety Da{F), for any F^^-invariant subset A C s^/ supports a natural "residue measure". 
To simplify explicit formulas below, we define the measure t^^ as the residue measure 
multiplied by HagA'^-p'a) where the constants cp^ are defined in Equation fl3.3.2l) . 

The integrals we are interested in take the form 

^($; (sa)ae^) = / l[\\fDj{xr--'Hx)dTx{x), 

where $ is a smooth, compactly supported function on X{F) and the Sa are complex 
parameters. Letting $ vary, it is convenient to view these integrals as distributions (of 
order 0) on X{F). 

For any subset A of the F-analytic Clemens complex ^^"^(D), define also 
Lemma 4.1.1. — The integral J^($; (sa)ag^) converges for s G T^q and the map 
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is holomorphic on T'^q. 

Similarly, for any A C s^^ , the integral ^a{^', (sa)) converges for s G T^q"^ and the 
function s i— >■ .^Ai^', s) is holomorphic on that domain. 

We shall therefore call such integrals ^^holomorphic distributions on X" . 

Proof — For ^ G X{F), let be the set of a G ^ such that ^ G Da and let 

q U^^H Af^xA^- 

be an etale chart around ^ adapted to D, as in Section [3.2.4I Let x^-U^—^Ap^ be the 
composite of q followed by the projection to A^^, and y.U^^ A*" be the composite of q 
with the projection to A^. 

These maps induce local coordinates in a neighborhood of f/^, valued in riag^/^ x F"^ 
in which the measure r takes the form ^((xq,), |/) W dx^ dy. 

By definition of a smooth metric, there is, for any a G a smooth non-vanishing 
function Ua on U^{F) such that W^DaW = \xa\p^Ua if a & and HfDcll = otherwise. 

Further, introducing a partition of unity (see Section [3.2.5p . we see that it suffices to 
study integrals of the form 



YlFaXF'' ^^^^^ CfGi/ 

where $ is a smooth function with compact support on Y[Fa x F^ . The holomorphy of 
such integrals is precisely the object of Proposition 13.3.61 above. 

The case of the integrals J^a{^] i^a)) is analogous. □ 

By the same arguments, but using the meromorphic continuation of Mellin transforms 
and the estimate of their growth in vertical strips, we obtain the following result. 

Proposition 4.1.2. — The holomorphic function 

on T^Q extends to a holomorphic function ^($; ■) on T^_-^^2- Moreover, for any real 
numbers a and b and for any function $, there is a real number c such that 

-si/ 
{a,b) ■ 



;s) JJ(l + |s„|) for any self 



4- 1.3. Leading terms. — We will need to understand the leading terms at the poles of 
these integrals after restricting the parameter (sq,) to an affine line in . For a G 
let s ^— Sq, = —pa + Aq,s be an increasing affine function with real coefficients. To shorten 
notation, we write J^($;s) instead of (sq)), and similarly for the integrals J^a- 

Define 

a(A, p) = max 
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and let ^(A,p) denote the set of all a G ^ where the maximum is obtained, i.e., such 
that a(A,p) = Pa/^a- By the preceding lemma, J^($; s) = (—Pa + Aqs)) converges 

for Re(s) > a(A, p) and defines a holomorphic function there. Similarly, letting 

aA{X,p) = max^, 

the function s t-^ J^aI'^'; s) := J^aI'^', (~Pa + A^s)) converges for Re(s) > aA(A,p). Notice 
that aA(A, p) ^ a(A, p) in general, and that the inequality may be strict, e.g., if ^ (p. A) C 
A. 

Let '^fIx p){D) be the intersection of the Clemens complex ^p^{D) with the simpli- 
cial subset <^^^(^(A,p)) of ^"'"(■e/). In other words, we remove from ^p^{D) all faces 
containing a vertex a such that pa < a{X,p)Xa. 

Proposition 4.1.4. — With the above notation, there exists a positive real number 6, 
and, for any face A o/^^1^^j(D) of maximal dimension, a holomorphic function 
defined on '^•>a{\,p)-h with polynomial growth in vertical strips such that 

/a{^] a{X, p)) = J^a{^; (a(A, p)A„ - Pa)a^A) 

and such that 

^(<l>; s)=J2 /a{^: s) n CfAs - a(A, p)), 

A qG^ 

where the sum is restricted to the faces A of ^p^^^^ ^-^{0) of maximal dimension. In partic- 
ular, 

lim ^(<l>;s)(s-a(A,p)f'"^^^"(^-) = Vj^A($;(a(A,p)A„-p,W^^ 

Proof. — As in the proof of Lemma I4.1.H we shall use a partition of unity and local 
coordinates. 

Let ^ G X{F), let be the set of a G such that ^ G Da- In a neighborhood fl 
of 1^, we have local coordinates Xa G Fa, for a G and other coordinates {yi, . . . ,y^) 
for some integer r. There exist smooth functions Ua on VL such that Hfu^H = \xa\p Ua if 
a G and ||fD„|| = Ua otherwise. We may assume, after shrinking Q, that Da nCl = 
if a ^ then, does not vanish on Q, for any a G Finally, the restriction to Q 
of the measure tx can be written as ndyi . . . dyr Ylae^/x some smooth function n 

on Q. Let be a smooth function with compact support in Q. 

The integral 



can be rewritten as 



38 ANTOINE CHAMBERT-LOIR & YURI TSCHINKEL 

Let a = a(A,p); when s — »• a, only the variables Sa such that pa = aX^ and a & 
contribute a pole. Write A = ,2^ n ■!2/(A, p) for this subset. Applying the regularization 
procedure which led to Prop. I4.1.2^ but only to the variables Xa with a & A, furnishes an 
expression of the form 

for the integral ^^^(s), where is holomorphic for Re(s) > a(A, p)—5 and has poljTiomial 
growth in vertical strips. Moreover, 



lim /^{s) = \imJi.{s) n CfA-Po. + sA„)"' 



By the definition of the residue measure on Da{F) (Section 12. 1.131) and its normalization 
used here, one thus has 

\irnJ^{s)\{CFS-Po. + sK)-'=\{ — [ l[\\fDj-"'^'''"-'e^{xMx)dTj,,{x). 
so that 

lim(s - a)#^^(%$; s) = ^a(%$; {-Pa + aX^)) TT A^^ 

s— >a -•- -•- 

Observe that A is a maximal face of ^p^(^x p)i though maybe not one of maximal dimension. 

Now choose the functions 9^ so that they form a finite partition of unity, i.e., — 
and only finitely many 6^ are not zero. Then ^($;s) = ^^J^^is); regrouping the non- 
zero terms according to the minimal face of the Clemens complex 't^p']^^ p) which they 
correspond furnishes the desired expression for ^($; s). 

Let h be the dimension of this complex and let ^^(^p^ be the set of its faces of dimen- 
sion h. Granted the previous limits computations, one has 

lim(s - afJ{^; s) = V lim(s - a) V(%<l>; s) 

s—>a < ^ s-^a 

= Yl YlK'-J^Ai^li-Pa + aX^)), 

as claimed. □ 

Corollary 4.1.5. — //$ = 1 or, more generally, if the restriction of to D{F) is not 
identically 0, then the order of the pole of J^(<l>; s) at s = a(A, p) is equal to 

l + dim<^-(,,^^(D). 
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4.1.6. The case of good reduction. — We recast in this geometric context a formula of 
J. Denef ([18, Theorem 3.1], see also [131 Theorem 9.1 and Theorem 11.2]). 

Assume that F is non-archimedean and that our situation comes from a smooth model 
^ over Of, that the divisors Da extend to divisors on ^ whose sum becomes a 
relative Cartier divisor with strict normal crossings after base change to a finite etale 
extension of Op, and that all metrics are defined by this model. The residue field of F is 
denoted by k, its cardinality by q. For a G s^, the extension F C Fq, is unramified by 
the good reduction hypothesis; we denote by /„ its degree; let Op^ be the ring of integers 
of Fa and rriQ, its maximal ideal. 

The Zariski closure of the scheme Ea is a smooth subscheme S'a of of relative 
codimension da, such that S'a{oF) = ^0(0 p). Similarly, the Zariski closure of Ea is a 
smooth geometrically connected subscheme S'a of ^ of codimension dA and ^^(o^) = 
^a{of). For any subset A C we let td^ denote the Tamagawa measure on Da{F) = 
Ea{F). Since the extensions F G Fa are unramified, one also has ^a{k) = <S'a{k) for any 
a e ^, and ^A{k) = (S'A{k) for any A C jz/. 

Assume also that the function $ is constant on residue classes; the induced function on 
jr(/c) will still be denoted by $. 

Proposition 4.1.7. — Under the above conditions, one has 

Acs/ aeA ^ ie^l(k) 

In particular, for $ = 1, one has 

^(1; is.)) = E (^-V(o.))""^" n *(^Aik)). 

Acs/ aeA ^ 

Proof — Let ^ G (k)^ let = {a G ; ^ E ^^a{k)}, so that ^ belongs to the open 
stratum By the good reduction hypothesis, we can introduce local (etale) coordinates 
Xa G itIq, (for a G £^) and E m (for /3 in a set of cardinality dimX — Ylaes/- fa) 
on the residue class of ^, such that is defined by the equation = on Q^. 
Then the local Tamagawa measure identifies with the measure nQe.c/| ^•'^a x H/jg^i 

Recall also (see §3.3. ip that for any ultrametric local field F, with ring of integers Op 
and maximal ideal m, and any complex number s such that Re(s) > 0, one has 

q I \x\'f^ dx = ^— ^/i(Oir), 



where q is the cardinality of the residue field. 
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These formulas, applied to the fields Fa, and the decomposition of the integral as a 
sum of similar integrals over the residue classes ^ G J^{k), give us 

since the residue field of has cardinality q^°' and fiiop) = fi{op^). Let us interchange 
the order of summation: one gets 



= (.-V(<..))"""-^ E n 1^ E *«)■ 



In particular, if $ is the constant function 1, one has 

By Weil's formula (c/. Equation (12.4.21) ). one then has 

TdA'^Hof)) = (q-'fiMY^) #^l(fc) = (g-V(Oi.))'") #^1(A:). 
Since moreover Dj^{F) = Ea{F), the last formula of the Proposition can be rewritten as 

4.2. Volume asymptotics over local fields 

Let X be a smooth projective variety over a local field F. Assume that X is purely of 
dimension n. 

Let D be an effective divisor in X, denote by £/ the set of its irreducible components, 
by Da the component corresponding to some a & £/ and by da its multiplicity. We have 
da > for all a and D = daDa- 

Let U = X \ D, and assume that uJx{D) is equipped with a metrization. Let T(^x,d) 
denote the corresponding measure on U{F) (see §2.1.91) . Endow the line bundles ffx{F>) 
and ffx{Da)i for a G with metrics, in such a way that the natural isomorphism 
ffx{D) ~ ^ffx{DaY°' is an isometry. For a G denote by f^ the canonical section 
of i^x{Da); denote by f/j the canonical section of 6'x{D). One has f^ = Ilagi/fa"- 

We also endow ujx with the metric which makes the isomorphism uJx{D) ~ ujx®<ff x{D) 
an isometry. Letting Tx be the Tamagawa measure on X{F) defined by the metrized line 
bundle ojx, we have the following equalities: 

dr(x,D)(a;) = ||fD(x)||~^ drx(x) = J]^ ||fQ(a;)||~°'" drx(x). 
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Let L be an effective divisor in X whose support contains the support of D; assume 
that the corresponding hne bundle <ffx{L) is endowed with a metric. The norm of its 
canonical section vanishes on L, hence on D. Consequently, for any positive real 
number B, the set of all x G X{F) such ||fi(a;)|| ^ \/B is a closed subset of which 
is contained in U{F), hence is compact in U{F). Consequently, its volume with respect 
to the measure T(x,d)5 



(4.2.1) V{B)= / dr(x,D)(x), 

J||fi(a-)|l^l/B 

is finite for any 5 > 0. We are interested in its asymptotic behavior when B oo. Let 
us introduce the Mellin transform of the function ||fL|| with respect to the measure T(x,d), 
namely: 



(4.2.2) Zis)= / \\hix)rd^x,D)i^). 

JU{F) 

The analytic properties of Z{s) and V{B) strongly depend on the geometry of the 
pair {X,D). We will assume throughout that over the algebraic closure F, the divisor D 
has strict normal crossings in X; in that case we will see that the answer can be stated in 
terms of the analytic Clemens complex of D. In principle, using resolution of singularities, 
we can reduce to this situation, even if it may be difficult in explicit examples (see [26] for 
a specific computation related to the asymptotic behavior of integral points of bounded 
height established in [H]). 

For a G let Aq, be the multiplicity of Da in L; the divisor A = L—Y^ XaDa is effective 
and all of its irreducible components meet U. We denote by fA the canonical section of the 
line bundle (^x(A); we endow this line bundle with a metric so that ||fL|| = ||fA|| 11 ll^all'^'^- 
Following the conventions of Section the results extend to the case where D and L 
are Q-Cartier divisors; in that case, the coefficients Aq, and are rational numbers. 

Let a = ma.x{da — 1)/Aq, the maximum being over all a G such that Da{F) ^ 0. 
If there is no such a, we let a = —oo by convention; this means precisely that U{F) 
is compact. Only the case a ^ will really matter. Indeed, as we shall see below, 
the condition cr < is equivalent to the fact that U{F) has finite volume with respect 
to r(x,D)- 

Let ^Ji^^^-|(i5) be the subcomplex of the analytic Clemens complex '^p^{D) consisting 

of all non-empty subsets A G £^ such that Ea{F) ^ and da = AqO" + 1 for any a G A. 

Let h = dim^JS'Jj^ ^^(Z)). For any face A of maximal dimension b of ^Ji'l^ ^^(D), let 
Da = f]a(zA^a be the corresponding stratum of X. The subset Da{F) carries a natural 
measure dr^^ and we define 



(4.2.3) Za{s) = / ||fA(x)|r n WWr'"''" dTAix). 

Proposition 4.2.4. — Let a, '^Ji"^^)(D) and h he defined as above. Then the integral 
defining Z[s) converges for Yie^s) > a and defines a holomorphic function m that domain. 
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Assume that a ^ —oo. Then there is a positive real number 6 such that Z has a 
meromorphic continuation to a half-plane Re(s) > a — 6, with a pole of order b = 
dim^|;°^ ^^(D) at s = a with leading coefficient 

\im{s-afZ{s)= ZAcT)l[^ 

s^a ^ — ^ A„ 

dim A=b 

and moderate growth in vertical strips. 

When F = Ti or C, Z has no other pole provided 6 is chosen sufficiently small. 

When F is ultrametric, there is a positive integer f such that 
holomorphic on the half-plane {Re(s) > cr — 6}, again provided 6 is sufficiently small. 

Proof. — By definition, 

z{s)= [ \\iAri\\u^)r'"^''''dTx{x), 

an integral of tlie type studied in ^ Precisely, using tfie notations introduced in §4.H 
we fiave Z{s) = J^(l, (s + 1; sXa — da + 1)), wliere tlie first parameter s refers to tlie 
divisor A, wliile for eacli a G tlie parameter Sa = sXa — da corresponds to the 
divisor Da- Similarly, 

Za{s) = J^a{1, {s + 1; sXa -da + 1)). 

By Lemma 14.1.1^ this integral converges and defines a holomorphic function as long as 
Re(s) > and Re(s)AQ, > da- This shows the holomorphy of Z{s) for Re(s) > a. 

Assume that a ^ — oo. By Proposition 14.1.21 the function Z has a meromorphic 
continuation to the domain of C defined by the inequalities Re(sQ,) > — | and Re(s) > 0, 
hence to some domain of the form Re(s) > a — 6. 

In the ultrametric case, the existence of a positive integer / such that (1 — q^'^'^^^Y Z{s) 
has no pole on such a half-plane also follows directly from Proposition 14.1.21 (one may 
take for / the l.c.m. of the /„), as well as the growth in vertical strips. 

It remains to prove the asserted behavior at s = a. By Proposition I4.1.4t 

\im{s-afZ{s)= J2 J^Ail;icT + l;aXa-da + l)a^A)llY= Yl ^^(""^Hy- 

dimA=fe dim A=b 

□ 

Using the Tauberian theorem lA.ll recalled in the appendix, we obtain the following 
estimate for the volume V{B) in the archimedean case. 

Theorem 4.2.5. — Assume that F = 11 or C and that cr ^ 0. This implies that 6^1. 
There exists a polynomial P and a positive real number 6 such that 

V{B) = B^PiXogB) + 0(5"-^). 
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Moreover, if a > 0, then P has degree 6 — 1 and leading coefficient 



a{h-l)\ ^ ' J-1 A, 

dim yl=6 



otherwise, if a = 0, then P has degree b and its leading coefficient satisfies 

lcoeff(P) = i ^^(^) n f • 

■ Qgyl " 



dim A=6 



Considering integrals of the form 

Z^{s)= [ $(x)||fi(x)r dr(x,D)(x) 

JU(F) 



IU{F) 

or applying the abstract equidistribution theorem (Proposition I2.5.ip . we deduce the 
following corollary ( "equidistribution of height balls" ) : 

Corollary 4.2.6. — Assume that F = R or C and that a > 0. Then 6^1 and, when 
B +00, the family of measures 

^(^)"^l{||fL(x-)||^i/B} dr(x,D)(x) 
converges tightly to the unique probability measure which is proportional to 

dim A=b 

In the case of ultrametric local fields, our analysis leads to a good understanding of 
the Igusa zeta functions but the output of the corresponding Tauberian theorem, i.e., the 
discussion leading to Corollaries IA.12t IA.13I and IA.14I in the Appendix, is less convenient 
since one can only obtain an asymptotic expansions for V{q^), when belongs to a fixed 
congruence class modulo some positive integer /. In fact, when all irreducible components 
of D are geometrically irreducible, one may take / = 1 in Proposition I4.2.4"l In that case. 
Corollary I A . 1 3 1 even leads to a precise asymptotic expansion in that case. 

We leave the detailed statement to the interested reader and we content ourselves with 
the following corollary. 

Corollary 4.2.7. — Assume that F is ultrametric and that cr ^ 0. Let b* = bifa = 0, 
and b* = b — 1 if a > 0. Then, when the integer N goes to infinity, 

V(q^) V(q^) 
< liminf ^ limsup < oo. 

Proof. — Changing metrics modifies the volume forms and the height functions by a 
factor which is lower- and upper-bounded; this does not affect the result of the corollary. 
Consequently, we may assume that all metrics are smooth and that the function ||fi|| is 
g'^-valued. The Igusa zeta function Z{s) is then 2i7i/ log g-periodic and has a meromorphic 
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continuation of the form ^a{s) YlaeA^^ " qU>^o,{u-s)^^ some functions which are 
holomorphic on an open half-plane containing the closed half-plane given by {Re(s) ^ a}. 
Let / be any positive integer such that / is an integral multiple of fa^a, for any a G 
we see that Z{s){l — qf^'^~^'>Y extends holomorphically to this open half-plane and it now 
suffices to apply Corollary IA.12[ □ 



4.3. Adelic Igusa integrals 

4-3.1. Geometric setup. — Let F be a number field, let Ap he the ring of adeles of F. 
More generally, if S" is a finite set of places of F, let Af, be the restricted product of local 
fields F^, for V ^ S. 

We fix an algebraic closure F of F; for each place v, we also fix a decomposition group 
at V in the Galois group Tp = Gal(F/F). 

Let X be a smooth projective variety over F, let {Da)a£s/ be a family of irreducible 
divisors in X whose sum A = XloecZ-^a is geometrically a divisor with strict normal 
crossings. For a G s^, let f^)^ denote the canonical section of the line bundle i^x{Da) 
and let Fa be the algebraic closure of F in the function field of Da. Let £/ be the set of 
irreducible components of the divisor A^; it carries an action of Tp, the set of orbits of 
which, ^ fi^p, identifies canonically with the set 

Endow all line bundles ^xi^a), as well as the canonical line bundle lox, with adelic 
metrics. 

Let ^ be any subset of corresponding to a subset ^ of ^ which is stable under the 
action of Fi?. Let Z = Uae.^ union of the corresponding divisors, D = \}a^ss -^q 

the union of the other divisors, and let us define X = X\Z and U = X\D. 

The local spaces X(F^), [/{F^), for any place v of F, and the adelic spaces X{Ap), 
U{Ap) are locally compact and carry Tamagawa measures tx,v, tu,v, tx and tjj (see 
Definition 12.4. llT) which are Radon measures, i.e., finite on compact subsets. The set 
of irreducible components of the divisor Ap^ is in natural bijection with the set of 
F^-orbits in £^ . For any such orbit a, we will denote by Da the corresponding divisor on 
Xp . 

Our aim here is to establish analytic properties of the adelic integral 

when $ is the restriction to U {Ap) of a smooth function with compact support on X{Ap). 

It will be convenient to view the map a t— > Sq, as a Fir-equivariant map from to C. In 
other words, for each a G we let Sa = S[a], where [a] G is the orbit of a under Tp. 
More generally, if /5 is any subset of such an orbit, we define = Sa, for any a E ^ 
belonging to /3 (it does not depend on the choice of a). 
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4.3.2. Convergence of local integrals. — Assume that $ = Yiy is a product of smooth 
functions and define, for any v G Val(-F), 

When the local integrals converge absolutely, as well as the infinite product 
J^v{^] {sa}), then the integral J^($; (sq,)) exists and one has an equality 

V 

Let a G £/. Let us decompose the Fi^-orbit a as a union of disjoint Ftj-orbits ai, 
Then = J2l=i and = 111=1 ^Do, ■ It follows that the integral J^^ can be rewritten 
as 

^.($.;(sa))= / n l|fDji:""'<f.(x)L,(l,EP(f/))drx... 

By Lemma 14.1.11 J^^($^; (sq)) converges absolutely when Re(sQ,) > for each a G If 
moreover has compact support in then the conditions Re(sa) > for a G 

are not necessary. 

The decomposition a = (Joj corresponds to the decomposition Fa<^F = 111=1 -^oi- 
Observe that the local factor of Dedekind's zeta function (p^ at v is given by the formula 

r 
i=l 

where for each i, fa^i = [Fa^i : F^]. Let (fA^) the residue at s = 1 of this zeta function. 

4-3.3. Convergence of an Euler product. — To study the convergence of the product, we 
may ignore a finite set of places. 

Let S* be a finite set of places containing the archimedean places so that, for all other 
places, all metrics are defined by good integral models . . . , over Spec 0^,5-. 

Assume moreover that for any f ^ S", $t, is the characteristic function of ^{o^). 

By Denef's formula (Prop. I4.1.7p . one has 

for any place v ^ 5*. Combined with the estimate of Theorem 12.4.71 this relation implies 
that 

n CF.,.(s„)'^ = i + 0(g-i-^) 

provided Re(sa) > \ + e for each a ^ (See Prop. 9.5 in \13l for a similar computation.) 
This asymptotic expansion will imply the desired convergence of the infinite product. 
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Proposition 4.3.4. — Assume that ^ is a smooth function with compact support on 
X{Ap). Then the integral (sq,)) converges for Re{sa) > 1, for each a ^ and 

defines a holomorphic function in this domain. This function has a meromorphic con- 
tinuation: there is a holomorphic function defined for Re(sa) > if a ^ SS , such 
that 

^($;(s«)) = y.(.)nCF.(s.). 
Moreover, if Sa = 1 for a ^ then 

^(^) = n / n n iif^j;"' drx(x). 

(Note that, in the last formula, the function under the integration sign has compact 
support on X{Af), while drx is a Radon measure on that space.) 

Proof. — The first two parts of the theorem follow from the estimates that we have just 
derived and the absolute convergence for Re(s) > 1 of the Euler product defining the 
Dedekind zeta function of a number field. 

Let s G C'^ be such that Sq, = 1 for a ^ One has therefore 

^,($,;s) = L,(l,EP(f/)) f II \\fn,\\l'~'Mx)dTxAx)- 

Moreover, one has equalities of virtual representations of (c/. Equation (I2.4.10p ). 

EP(f/) = EP(X) + y Indr^ 1 

EP(X) = EP(X) + ^Ind^;^l, 

from which it follows that 

EP(X) = EP(f/)-5^Ind^-^l. 

In particular, for any finite place v of F, 

L,(l, EP(X)) = L,(l, EP([/)) H CfUI)-' 

and 

L*(1,EP(X)) = L*(l,EP(f/)) n 
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If 5*00 is the set of archimedean places of F, then (recall that Sa — 1 ioT a ^ ^) 



= L*(l,EP(t/))-iJ] / *-(^) n ||f^.|ir"'L,(l,EP(X))dT^,,(a:) 

=L*(i,EP(t/))-^L*(i,EP(x)) / $(x) n niif^/^iir' ^rxix) 



□ 



In fact, it is possible to establish a more general theorem. Let S be a finite set of places 
of F containing the archimedean places. For any place v & S, let $^ be a smooth bounded 
function on X{Fy); let also be a smooth function with compact support on X{Ap); 
let $ be the function Yl^^s on X{Af). 

By the same arguments as above, the integral J^{^; (sq)) converges provided Re(sQ) > 1 
for each a ^ ^ and Re(s^) > for each /3 e ^ and defines a holomorphic function in 
that domain. 

Proposition 4.3.5. — Let Q C C'*' be the set of such that Re(s„) > ^ for a ^ ^ 
and Re(s^) > — ^ for P E The function J^{^; i^a)) admits a meromorphic continua- 
tion of the following form. For any place v & S and any face A of maximal dimension of 
^p^{D), there is a holomorphic function (pA on such that 

^(^; (sa)) = n ci(«a) n ( E ^^i') n c^«.^(««) 

Moreover, the functions ipA have moderate growth in vertical strips in the sense that for 
any compact subset K of R'^ fl VL, there are real numbers c and k such that 



\Ms)\^ci[{i+\so,\r, 



for s e C'^ such that Re(s) e K. 

4.4. Volume eisymptotics over the adeles 

In this Subsection we derive asymptotic estimates for volumes of height balls in adelic 

spaces, similar to those we established above for height balls over local fields. 

Let F be a number field, X a smooth projective variety over F, purely of dimension n. 
Let D be an effective divisor in X and its set of irreducible components; for a G let 
Da be the corresponding component and da its multiplicity in D. We have -D = ^ d^Da- 
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For a G let be the canonical section of ffx{Da)'-, let f^i denote the canonical section 
of ffx{D). We have = ]\^t- 

Let us endow these line bundles with adelic metrics, in such a way that the isomorphism 
iffx{D) ~ iffxiDaY" is an isometry. 

Let U = X \ D ; let us endow ujx and uJx{D) with adelic metrics in such a way that the 
isomorphism uJx{D) ~ ux ® <ffx{D) is an isometry. By the constructions of Section [2l we 
obtain natural measures rx, tjj and T(x,d) on U{Ap) or ^(Ai?), related by the equalities 

dr(x,D)(a;) = HD{x)dru{x), 

where, for a; G f/(A^), //^(a;) = 

Let L be an effective divisor in X whose support is equal to the support of D; for 
a G s^, let Xa be the multiplicity of Da in L, so that = X] ^aDa- We endow the 
line bundle ffxiL) with the natural adelic metric deduced from the metrics of the line 
bundles i^x{,Da). 

The canonical section of ffx{L) vanishes on L, hence on D. Let denote the corre- 
sponding height function (denoted H^^i^l)^^^ in Section [2l3l) on the adehc space U{Af); 
recall (Equation (12.3.11) ) that it is defined by the formula 

Hl(x) = Y\_ \\^L\\ixy)~^, hix = {xv)y. 

By Lemma [2.3.21 Hi is bounded from below on U{Af) and, for any real number B, the 
set of all X G U{Af) such that Hl{-k) ^ B is compact in (X \ L){Ap). Let V{B) denote 
its volume with respect to the measure T(^x,d)- 



(4.4.1) ViB)= ^^^^^ dr.xM-); 

it is a positive real number (for B large enough) and we want to understand its asymp- 
totic behavior when B oo. We are also interested in the asymptotic behavior of the 
probability measures 

:^7^ 1 {Hi (x) ^B} dr(x,D) (x) . 
As in the case of local fields, we introduce a geometric Igusa zeta function, namely 

(4.4.2) Z{s)= [ HL{x)-'d^x,D){^), 

Ju(Ap) 



for any complex number s such that the integral converges absolutely. For any such s, we 
thus have 

Z{s) = [ n PcMt"''" drx(x) = {sX^ - + 1)) 

Ju{Af) ^ 

with the notation of Section 14.31 

Let a = maxa^s/ {da / Xa) and let ^l,d be the set of a G ^ such that da = Aq,ct. 
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Then, the integral defining Z{s) converges for any complex number s such that Re(s) > 
a (Proposition 14.3.^ . Moreover, there exists a positive real number 6 such that function 
s ^— i> Z{s) admits a meromorphic continuation to the half-plane given by Re(s) > a — 6. 
Namely, by Proposition 14.3.41 again, there exists a holomorphic function ip defined for 
Re(s) > a — 6 such that 

Z{s)=ip{s) Y\_ CfA^K- da + l) 

and 

In particular, the function Z has a pole at s = 1 of order i^{,^L,D) and satisfies: 

iim(.-i)#(^^^-)z(z)=^(i)n%^= n ^^'/ n Ho^i^r'^-'-dr 

Let E denote the Q-divisor aL — D. We have 

E = aL - D = (aXa - da)Da = ^ {crXa - da)Da. 

Consequently, 

(4.4.3) \im{s~a)*^^^'^^Z{a)= TT / He{x)-Utx{x) = I dr(x,s)(x). 

We summarize the results obtained in the following Proposition: 

Proposition 4.4.4. — Let a and ^l,d be defined as above. Then the integral defin- 
ing Z{s) converges for Re(s) > a and defines a holomorphic function in that domain. 
Moreover, there is a positive real number 6 such that Z has a continuation to the half- 
plane Re(s) > a — 6 as a meromorphic function with moderate growth in vertical strips, 
whose only pole is at s = a, with order b = i^{^L,D) o,nd leading coefficient given by 
Equation fHX^ . 

Similarly to what we did in the local case, using the Tauberian theorem lA.ll and the 
abstract equidistribution theorem (Proposition 12. 5. T]) . we obtain the following result. 

Theorem 4.4.5. — There exists a monic polynomial P of degree b and a positive real 
number 6 such that, when B — > oo, 

V{B) = ^"'f''" B'^P{\ogB) I He{x)-Utx{x) + 0{B^-'). 
Moreover, we have the tight convergence of probability measures 

TT^UHL{x)^B}dT(X,D){^) ^ 7 ^7731 He{x)-^ dTx{x) . 
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Remark 4.4.6. — Let 5* be a finite set of places of F. At least two variants of the 
preceding results may be useful in S-integral contexts. 

Let Af. be the ring of adeles "outside S"'. For the first variant, we consider points of 
U{Ap) of bounded height, and their volume with respect to the Tamagawa measure r^^ 
in which the local factors in S. In that context, all infinite products of the set Val(-F) of 
places of F are replaced by the products over the set Val(F) \ of places which do not 
belong to S. The modifications to be made to the statement and proof of Theorem 14.4.51 
are obvious and lead to an asymptotic expansion for the volumes of height balls in U{Ap). 

A second variant is also possible which restricts to the subset Q of U{Af) consisting 
of points (a;^)^gVai(F) which are "integral" at each place v ^ S. We do not need to be 
specific about that condition; for all that matters in our analysis, we understand that this 
subset is relatively compact in U{Ap) and has non-empty interior. A scheme-theoretic 
definition would ask that we are given a projective and flat model of X over Op; then a 
point (xy) G U{Af) belongs to Q if and only if, for any flnite place v ^ S, the reduction 
mod V of Xv does not belong to D{Fy). An adelic deflnition would consider Q to be deflned 
by a condition of the form Ylv^s W^lW^ (x) ^ Bq, for some real number Bq. 

In that case, the analytic study of the adelic zeta function involved is straightforward 
from what has been done in Section 14.21 Namely, it decomposes as an infinite product 
over all places v G Val(F) of v-adic zeta functions. The subproduct corresponding to 
places V ^ S extends holomorphically to the whole complex plane, while each factor 
attached to a place f G S* is the source of zeroes and poles described by the f-adic 
analytic Clemens complex as in Prop. I4.2.4[ 

Although the procedure should be quite clear to the reader, in any specific example, a 
general statement would certainly be too obfuscating to be of any help. We would like 
the reader to remark than when all abscissae of convergence at places in S are equal to a 
common real number a, the order of the pole at a will be the sum of the orders 6^, and the 
leading coefficient the product of those computed in Prop. I4.2.4[ Moreover, if S contains 
archimedean places, the order of the pole at a will be strictly greater than the order of 
the other possible poles on the line Re(s) = a. In that case, the Tauberian theorem IA.15I 
gives a simple asymptotic formula for the volume of points of bounded height. With 
the notation of that Theorem, the qj are powers of prime numbers and the non-Liouville 
property of the quotients log g^/ log g^/ follows from Baker's theorem on linear forms in 
logarithms, [1, Theorem 3.1]. 

We expect that these asymptotic expansions for volumes can serve as a guide to un- 
derstand the asymptotic number of S'-integral solutions of polynomial equations, e.g., to 
a S'-integral generalization of the circle method. 
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5. Examples 

5.1. Clemens complexes of toric veirieties 

Let T be an algebraic torus over a field F. Let M and denote the groups of characters 
and of cocharacters of the torus Tp, endowed with the action of the Galois group F = 
Gal(F/F) and the natural duality pairing (■,■). 

Let X be a smooth proper F-scheme which is an equivariant compactification of T. By 
the theory of toric varieties, X corresponds to a fan E in the space which is invariant 
under the action of F. By definition, E is a set of convex polyhedral rational cones in N-r 
satisfying the following properties: 

— for any cones a, a' in S, their intersection is a face of both a and a'; 

— all faces of each cone in E belong to E; 

— for any j ETp and any cone a G E, 7(0-) G E. 

Assume for the moment that T is split, meaning that F acts trivially on M. To each 
cone a of E corresponds a T-stable affine open subset = SpecF[(T^ fl M] in X, where 
cr^ is the cone in Mr dual to a. The variety X is glued from these affine charts X^, along 
the natural open immersions X^ — > Xt-, for any two cones a and r in E such that t D cr. 
The zero-dimensional cone {0} corresponds to T; in particular, each Xcr contains T and 
carries a compatible action of T. 

Let t denote the dimension of T and let o" be a cone of maximal dimension of E. By 
the theory of toric varieties, the smoothness assumption on X implies that there exists 
a basis of which generates a as a cone. Consequently, the torus embedding {T,X„) 
is isomorphic to (G^, A*). The irreducible components of X^ C T then correspond to 
the hyperplane coordinates in A*. In particular, X^. \ T is a divisor with strict normal 
crossings, all of whose components oi Xcr\T meet at the origin. This shows that a set of 
components of X\T has a non-trivial intersection whenever the corresponding rays belong 
to a common cone in E. The converse holds since each point of X admits a T-invariant 
affine neighborhood, hence of the form X^r- 

In particular, what precedes holds over F and implies the following description of the 
geometric Clemens complex "^(X, D) of {X,D). There is a bijection between the set of 
orbits of Tp in Xp and the set E. The irreducible components of Dp are in bijection with 
the set of one- dimensional cones (rays) of E and a set of components has a non-trivial 
intersection if and only if the corresponding rays belong to a common cone in E. The 
cone {0} belongs to E and corresponds to the open orbit T. Consequently, the Clemens 
complex ^(X, D) is equal to the set E \ {{0}}, partially ordered by inclusion, with the 
obvious action of the Galois group Tp. 

If T is split, then Tp acts trivially on "^{X, D), hence '^riX, D) = "^{X, D). We have 
also observed in that case that the various strata of X even had F-rational points. In 
other words, the F-analytic Clemens complex '^p^{X,D) is also equal to ^{X,D). 

Let us now treat the general case by proving that '^p^{X^ D) = ^p{X, D). By definition, 
the F-rational Clemens complex '^f{X, D) is the subcomplex oi^[X, D) consisting of F^t^- 
invariant faces; in other words, it corresponds to F^^-invariant cones of positive dimension. 
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We need to prove that for any such cone o", the closure of the corresponding orbit 
in X, which is defined over F, has an F-rational point. For each ray r of a, let be the 
generator of N Hr; the group Tp acts on the set of these rir, and their sum n is fixed by 
Fp. It corresponds to a cocharacter c„: Gm — T whose limit at is an F-rational point 
and this point belongs to In fact, it even belongs to because the point n belongs 
to the relative interior of the cone a. 

Lemma 5.1.1. — LetTo be the maximal F -split torus inT; the group Nq of cocharacters 

o/Tq is equal to the subspace of N fixed by Tp. Let Xq be the Zariski closure ofT^ in X. 
It is a smooth equivariant compactification ofTo and its fan Sq in {Nq)-[i has as cones the 
intersections a fl {X^)-^, for all cones a G YF^ which are invariant under V p. 

Proof. — It suffices to prove the desired result in each affine chart of X . Consider a 
cone a G S and let Xg- = SpecF[M n be the corresponding affinc open subset of Xp. 
A vector in Mq Pi cr, being fixed under the action of V p^ belongs to all of the cones 7(cr), 
for 7 G r^;', hence belongs to their intersection r which, by the definition of a fan, is a 
cone in S, obviously F^. -invariant. As a consequence, the closure of Tq in X^ is contained 
in the toric open subvaricty X^. 

We thus can assume that cr is a FiT'-invariant cone, and we may moreover assume that 
it is of maximal dimension. Since X is smooth, there is a basis (ei, . . . , e^) of and an 
integer s G {1, . . . , d} such that a is generated S — {ei, . . . , e^}. We can also assume 
that e^+i, . . . , belong to Mq and generate a complement to the (saturated) subgroup 
generated by Mq fl ex. Over F, this identifies T with and X„ with A** x G^*. 
Moreover, F^ acts by permutations on S. This implies that Mq H cr is generated by the 
vectors X^ieo ^i-> where O runs over the set SjVp of FiT'-orbits in S. Consequently, ToflXo- 
is the set of elements (xi, . . . ^xs) in G^ such that Xi is constant on each orbit O, and 
Xi = 1 for i > s. Its closure is the set of such elements {xi, . . . , Xd) G A^ x Gf^"^ satisfying 
the same relations. This shows that the closure of Tq in X„ is a isomorphic to the toric 
embedding of G^^^^ in A#(^/r^) x q'^^-^^o-*^s/t^) _ ^ 

Corollary 5.1.2. — By associating to a T^-orbit in Xq the corresponding T- orbit in X , 
we obtain a bijection between the Clemens complex of {Xq, Xq \ Tq) and the F -analytic 
Clemens complex of (X, X\T). 

5.2. Clemens complexes of wonderful compact ificat ions 

Let G be a connected reductive group over a field F. Let Tq denote a maximal split 
torus of G and T a maximal torus of G containing Tq. 

Let X be a smooth proper F-scheme which is a biequivariant compactification of G. 
We denote by Y and Yq the closures of the tori T and TqiuX] these are toric varieties 
defined over F. We assume that over a separable closure F of F, the divisor D = X \ G 
has strict normal crossings. Observe that this assumption is satisfied if X is a wonderful 
compactification of G. 
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Proposition 5.2.1. — With this notation, one has: X{F) = G{F)Y{F)G{F) and 
Y{F) = T{F)Yo{F); m particular, X{F) = G{F)Yo{F)G{F) . 

Proof. — Let us first prove that X{F) = G{F)Y{F)G{F). It suffices to prove that 
X{F) is contained in the latter set. We use the arguments of [1Q\, Lemma 6.1.4. Let 
xq e X{F); since X is assumed to be smooth, we can choose an arc x G such 
that a;(0) = Xq and x is not contained in X \ G. We interpret x as a F((t))-point of G; 
by the Cartan decomposition ([H], Proposition 4.4.3. The fact that the group G'(F|t]) 
is good follows from the property that the F((t))-algebraic group G'ir((i)) is split over an 
unramified extension, namely and descent properties of the building) 

= G(F[tl)r(F((t)))G(F[t]), 

we may write x = giyg2, where gi,g2 G Cl-^M) and y G T(F((t))). Writing y = g^^xg2^, 
we see that y G Specializing at t = 0, we now obtain xq = gi{0)y{0)g2{0), as 

wanted. 

Let us now prove the second equality, namely Y{F) = T{F)Yo{F). Again, it suffices 
to prove that Y{F) is contained in T{F)Yo{F). Let xq G Y{F); as above, there is an 
arc X G X(F|i(:]) fl G{F{(t))) such that x(0) = Xq. Using the Cartan decomposition, 
we may replace x by an arc of the form y = g^^xg2, with gi,g2 G (^(Flt]) satisfying 
y G nT(F((t))). Moreover, we may also assume that gi{0) = (72(0) is the neutral 

element of G{F). In particular, y G and y{0) = xq. 

Let S denote the anisotropic torus T/Tq and n: T ^ S the quotient map. One has 
7T{y) G S{F{{t))). Since S is anisotropic, one has = S{F{{t))) (Lemma 15:2:21 

below), hence n^y) G ^(Flt]). Looking at the exact sequence of tori 

and applying Hilbert's theorem 90 over the discrete valuation ring it follows that 

there exists z G T(F|t]) such that n{z) = 7i{y), hence z~^y G To(F((t))). Moreover, 
z~'^y G F(F[t]). Specializing t to 0, we see that z{0)-^y{0) G Yq{F), that is y{0) = Xq e 
T{F)Yo{F), as claimed. 

The last equality follows immediately. □ 

The following lemma is well-known; we include a proof for the convenience of the reader. 

Lemma 5.2.2. — Let S be an anisotropic torus over a field F. Then, S{F{{t))) = 
S{Fltl). 

Proof. — Let F' be a finite extension of F which splits S; then, for any F-algebra E, S{E) 
is the set of morphisms from X*{S) to E F' which commute with the actions ofTF/fp 
on both sides. It follows that a point P in S{F{{t))) corresponds to a Pir-equivariant group 
morphisms (p from 3C*{S) to F'((t))*. 

By composing (f with the order map F'{(t))* Z, we obtain a Pi?//i;'-invariant morphism 
ordoy9: X*{S) Z, which is necessarily since S is anisotropic. Consequently, ip{c) = 
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for any c G X*{S), which means that (p{c) G In other words, is a Tp'/p- 

equivariant morphism from X*{S) to -F'|t]*, and the corresponding point P belongs to 
S{F'lt]). □ 

Our goal now is to describe the various Clemens complexes attached to the pair {X, D). 
Let W = Ng(T)/T and Wq = Ng(To)/Zg(To) be the Weyl groups of G relative to the 
tori T and Tq. 

Since the Weyl group W acts on G via the conjugation by an element of G, this extends 
to an action on X. This action induces the trivial action on ^(X, D). Indeed, the group G 
being connected, each irreducible component of Dp is preserved by the actions of Gp. 

Proposition 5.2.3. — Over F, the open strata of the stratification of Xp deduced 
from Dp are exactly the orbits of {G x G)p in Xp. Moreover, associating to an orbit its 
closure defines a T p-equivariant bisection from G{F)\X{F)/G{F) to 't^{X,D). 

Proof. — We may assume that the field F is separably closed. We then have T = Tq. 
By Proposition 15.2. ![ the map 

Y{F)/T{F) G{F)\X{F)/G{F) 

which associates to the T(F)-orbit of a point x in Y{F) the orbit G{F)xG{F) in X{F) is 
surjective. By the theory of toric varieties, T{F) has only finitely many orbits in Y{F). 
Consequently, G x G°pp has only finitely many orbits in X. 

Let Z be an element of ^{X, D), viewed as an irreducible closed subvariety of D. It is 
smooth, and possesses a G x G°PP-action. The group G x G°pp acts on Z with only finitely 
many orbits; necessarily, one of these orbits, say Zq, is open in Z. Since Z is irreducible, it 
follows that Z = Zq, and Z is the closure of a Gx (^"PP-orbit. By Theorem 2.1 of [30], there 
exists an open affine subset Xq of X such that Zq is the unique closed orbit of G x G°pp 
in GXoG. 

Let us show that Z\Zq is contained in X\GXoG or, equivalently, that ZnGXoG = Zq. 
Indeed, let O be any orbit in Z distinct from Zq; we need to prove that O fl GXqG = 0. 
Let us denote by O the closure of O in X; since Zq is open in Z, O has empty interior in Z, 
hence is an irreducible subset of X whose dimension satisfies dimO < dimZ. However, 
any action of an algebraic group on an algebraic variety has a closed orbit; in particular 
OHGXqG contains a closed orbit, which implies that OHGXqG D Zq, and this contradicts 
the assumption dimO < dimZo. 

Since Xq is open in X, it contains at least one point of G, hence GXqG contains G. 
Consequently, X \ GXqG is contained in X \ G. S ince GXqG is an G X G°PP-invariant 
open subset of X, each irreducible component of Z \ Zq is contained in some irreducible 
component of X \ GXqG which does not meet Zq. 

Consequently, the orbit Zq is an open stratum of the stratification defined by the 
boundary divisor D. 

Conversely, let O be an orbit of G x G°pp in X and let Z be the stratum of minimal 
dimension in "^(X, D) which contains O. By the preceding argument, Z is the closure 
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of an orbit Zq whose complement Z \ Zq is a. union of lower dimensional strata. By the 
minimality assumption on Z, Zq = O, which proves that O is an open stratum. 

The rest of the proposition follows at once. □ 

The group of characters Mq of Tq is the group of coinvariants of F in M (it is a quotient 
of M), and its group of cocharacters A^^o is the group of invariants of F in (a subgroup 
of A^). Let to = dimTg. Let Sq denote the fan of A^^o induced by S; it is simplicial albeit 
not obviously smooth in general. This fan defines a toric variety Xq which in fact is 
isomorphic to the Zariski closure of Tq in X. 

5.3. Volume estimates for compactifications of semi-simple groups 

5.3.1. Introduction. — Let G be a semisimple algebraic group of adjoint type over a 
field F of characteristic 0. Let t: G ^ GL(l^) be a faithful algebraic representation of G 
in a finite dimensional F-vector space V . The natural map 

GhiV) End(\/) \ {0} ^ PEnd(K) 

induces a map 1: G PEnd(V). Let X^ be the Zariski closure of its image; it is a 
bi-equivariant compactification of G. Let dX^ be the complement to G in X^. 

When L is irreducible with regular highest weight, X^ is the wonderful compactification 
defined by De Concini and Procesi in fL6[ 3.4]. In that case, X,^ is smooth and dX^ is a 
divisor with strict normal crossings. 

When F is a local field, we endow the vector space End(\^) with a norm ||-||. When 
-F is a number field, let us choose, for any place v of F, a v-adic norm on End(l^) ® F^, 
so that there is an Oi?-lattice in End(l^) inducing these norms for almost all finite places. 
As it was explained in Sections 12.1.61 and 12. 2. 4^ such choices give rise to a metric on the 
line bundle ^(1) on the projective space PEnd(y), resp. an adelic metric, when F is a 
number field. 

We claim that the line bundle <ff{l) on has a nonzero global section which is 
invariant under G. Such a section is unique up to multiplication by a scalar, since the 
quotient of two of them is a G-invariant rational function on X^. (See also [16], 1.7, p. 9, 
proposition.) 

To prove the existence, let us first observe that the line in End(l^) generated by idy 
is G-invariant. By semi-simplicity of G, there exists a linear form on End(y) which is 
invariant under G and maps idy to 1. Let be the restriction to G of the global section 
of ^(1) over PEnd(l^) defined by i^. Now, we have 

11,11,,,,)). W£^.|?(£^HkWr'. 

IIh^jII IIh^))II 

for any g G G{F) when F is a local field, and similar equalities at all places of F in the 
number field case. 

Consequently, for F = R or C, the results of Section W72\ imply, as a particular case, an 
asymptotic formula for the volume of sets of g & G{F) with ||i((7)|| ^ B, when B oo, 
as well as similar (but weaker) estimates when F is a ]9-adic field. Similarly, when F is 
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a number field, the volume estimates established in Section 14.41 imply estimates for the 
volume of adelic sets in G{Ap) consisting of adelic points of bounded height. 

In the case of local fields, it requires further computations for making these estimates 
explicit, in terms of the representation l. In particular, we will need to describe the 
analytic Clemens complex of dX^ 

5.3.2. The wonderful compactification of De Concini and Procesi. — For simplicity, we 
assume for the moment that G is split. We fix a maximal torus T of G which is split, 
as well as a Borel subgroup B oi G containing T. We identify the groups of characters 
X*(T) and as well as the groups of cocharacters X*(T) and we also let 

a = X*(T) (8)z R and a* = X*(T) (8)z R. 

Let $, resp. be the set of roots of G, resp. of positive roots in X*(T); let denote 
the sum of all positive roots. Let A C be the set of simple roots; they form a basis of 
the real cone in a* generated by positive roots, hence we may write = ^^g^ ruaa for 
some positive integers rria- 

Let l: G ^ GL{V) be a representation as above; we assume here that l is irreducible 
and that its highest weight A is regular, i.e., can be written as A = X]«gA'^a'^' some 
positive integers da- In that recalled above, is the "wonderful compactification 

of G" defined by De Concini and Procesi. The variety X^ does not depend on the actual 
choice of i, but the projective embedding does. 

The irreducible components of \ G are naturally indexed by the set A; we will write 
Da for the divisor corresponding to a simple root a. Let D = 'Y^D^- The Clemens com- 
plex ^((9XJ is simplicial, and coincides with the F-analytic Clemens complex ^p^{dX^) 
since G is assumed to be split. 

The line bundles ff{Da) form a basis of Pic(Xj, as well as generators of the cone of 
effective divisors (which is therefore simplicial). The restriction of ^p(l) to X corresponds 
precisely to A, and there is a canonical isomorphism 

^PEnd(y)(l)U, ^ ^C^daDa). 

According to [TB], the anticanonical line bundle of is given by 

Let ^ C a* be the convex hull of the characters of T appearing in the representation l. 
This is also the convex hull of the images of the highest weight A under the action of 
the Weyl group. This is a convex and compact polytope which contains in its interior 
by [33], Lemma 2.1. 

Lemma 5.3.3. — Let a = ma.Xa(zA{ma/da), lett be the number of elements a G A where 
equality holds. Then a is the smallest positive real number such that l3/a ^ ^ and t is 
the maximal codimension of a face of^ containing [3 /a. 
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Proof. — For any simple root a, let be the corresponding coroot, so that the simple 
reflexion Sa associated to a is given by Sa{x) = x — 2(a^,x)a, for x G a*. We have 
(a^, a) = 1 while (a^, a') = for any other simple root a'. 

Within the Weyl chamber of A, the poljd;ope ^ is bounded by the affine hyperplanes 
orthogonal to the simple roots a and passing through A. Consequently, a point x in this 
chamber belongs to ^ if and only {a^,x) ^ (a^,A). Moreover, such a point x belongs 
to the boundary of ^ if and only if equality is achieved for some simple root a; then, 
the number of such a is the maximal codimension of a face of ^ containing x. For 
X = f3/a = X]aeA("^a/'^)'^' W6 fiii'i 

{a^ , X — X) = — - — Xa, 
a 

hence the Lemma. □ 

Consequently, our geometric estimates (Theorem I4.2.5P imply the following result of 
Maucourant [33] under the assumption that G is split and V has a unique highest weight. 



Corollary 5.3.4. — Define a = maxQ,gA('^a/'^a) o-n-d let t be be the number of a E A 
where the equality holds. 

Assume that F = R or C. When B — >■ oo, the volume V{B) of all g G G{F) such that 
\\L{g)\\ ^ B satisfies an asymptotic formula of the form: 

V{B) ~ cB'' {log By-\ 

According to our theorem, the positive constant c can be written as a product of the 
combinatorial factor 

a(t - 1)! 11 A„ 

and an explicit integral on the stratum of Xl{F) defined by A, with respect to its nor- 
malized residue measure r^^. 

In the p-adic case. Corollary 14.2.71 similarly implies the following result: 

Corollary 5.3.5. — Keep the same notation, assuming that F is a p-adic field. Then, 
when B oo, 

y{B) , V(B) 

< lim mr ; -— - ^ limsup -; --— - < +oo. 

B'^(log5)*-i ^ fi<^(log5)*-i 

5.3.6. The case of a general representations (split group). — We now explain how to 
treat non-irreducible representations, still assuming that the group G is split. 
By Proposition 6.2.5 of [TO], there is a diagram of equivariant compactifications 

X 




Xt, Xu, 
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where is the wonderful compactification previously studied and X is smooth. Since the 
boundary divisor of a smooth toric variety is a divisor with strict normal crossings, it then 
follows from [in], Proposition 6.2.3, that the boundary dX of X is a divisor with strict 
normal crossings in X. Moreover, the proof of this proposition and the local description of 
toroidal G-embeddings in loc. cit., §6.2, show that X is obtained from by a sequence of 
T-equivariant blow-ups. Therefore, the boundary dX consists of the strict transforms Da 
of the divisors D^, indexed by the simple roots, and of the exceptional divisors Ei (for i 
in some finite index set /). These divisors form a basis of the effective cone in the Picard 
group. The anticanonical line bundle of X decomposes as a sum 

Let L be the line bundle 71*^(1) on X; let us write it as L = ^ ^aDa + Yl ^i^i 
above basis. Since we can compute volumes on X, our estimates imply that V{B) has an 
asymptotic expansion of the form given in Corollary I5.3.4[ a being given by 

/ nia \ nia 

a = max max — — , max — = max — — , 

and t is again the number of indices a G =2/ where equality holds. 

Observe that the definition of cr precisely means that the line bundle aTT*L — [K-^ + dX) 
belongs to the boundary of the effective cone of X; the integer t is then the codimension 
of the face of minimal dimension containing that line bundle. These properties can be 
checked on restriction to the toric variety Y given by the closure of T in X; indeed the 
restriction map Pic(X) Pic{Y) is an isomorphism onto the part of Pic(y) invariant 
under the Weyl group, and similarly for the effective cone. To determine a, it now suffices 
to test for the positivity of the piecewise linear (pl) function on the vector space a* 
associated to this divisor. 

The above formula for the anticanonical line bundle of X implies that the PL function 
for + dX is that of Kx^ + dX^. 

On the other hand, the theory of heights on toric varieties relates the PL function 
corresponding to a divisor to the normalized local height function (see The formula 
is as follows. Let D be an effective T-invariant divisor, the corresponding T-linearized 
line bundle has a canonical T-invariant nonzero global section sd- For t e T{F), let i{t) 
be the linear form on a defined by x 1— > log|x(t)|; dually, one has i(t){x) = {Xj^og(t)). 
Then, the norm of sd with respect to the canonical normalization is given by 

\og\\snm~' = VDm)- 

If the local height function is not normalized, the previous equality only holds up to the 
addition of a bounded term. 

In our case, let $ be the set of weights of T in the representation l. Then, for t G T{F), 



L{t)\\ max|x(t)| , 



IGUSA INTEGRALS AND VOLUME ASYMPTOTICS IN ANALYTIC AND ADELIC GEOMETRY 59 



hence 



log||s,(t)|| ^ = log||6(t)|| =maxlog|x(t)| + 0(l). 



In other words, the hne bundle tt*L corresponds to the PL function ip^ = max^g$(x, ■) 
on a*. 

As explained above, a is the least positive real number such that the PL function scp^ 
is greater than the PL function (^js associated to K^^{—dX). Since the Weyl group acts 
trivially on the Picard group of X, these PL functions are invariant under the action of 
the Weyl group and it is sufficient to test the inequality on the positive Weyl chamber C 
in a. 

Let (zua) denote the basis of a* dual to the basis (a) — up to the usual identification 
of a with its dual given by the Killing form of G, this is the basis of fundamental weights. 
One has C = R+cUq,. 

Recall also that (3 is the sum of the fundamental weights of G, hence belongs to the 
positive Weyl chamber in a*. It follows that w(3 ^ (3 for any element w in the Weyl 
group W (Bourbaki, LIE VI, §1, Proposition 18, p. 158). It follows that {w(3,Wa) ^ 
Wa) for any w G W . Consequently, 

^p{y) = max{w(3,y) = {(3,y) 

for any y E C. Moreover, ii y = Y^ ya^a £ cl, then 

y) = rriaa, ^ y^^a) = m^ya- 

Let A be the set of dominant weights of l with respect to C. For any A G A, let us 
write A = ^ Ao-a, for some nonnegative Aq, G Z. Consequently, for any y = Y1 Vai^a G C, 
with ?/a ^ for all a, one has 

Vc{y) = max(x, y) = inax(A, y) = max A„?/„ 
xe* AeA AgA \ ^ — ^ 

The condition that sip^{y) ^ (pjs o\i C therefore means that smax^eAAa ^ ma for any 
a G In other words, a = max{ma/ Xa), where we have set Aq, = max^eA Aq,. Moreover, 
t is the number of simple roots a such that AqO" = rua- 

As in [33], let ^ be the convex hull of $ in a*; it is a compact polytope whose dual ^* 
is defined by the inequality ^ 1 in a*. Let s be a positive real number. By definition, 
j3/s belongs to ^ if and only if {(3/s,y) ^ 1 for any y E a* such that ^^{0} ^ 1. This is 
precisely equivalent to the fact that sip^ — (/?,■) is nonnegative on a*. 

Let 1/ G a* and let w E W be such that wy G C. Since ip^ is invariant under W, 

s^iiv) - {13, y) = sif.iwy) - {w'^p.wy) ^ sip^wy) - {l3,wy), 

with equality if and only if w = e. We have thus shown that G ^ if and only if the 
PL function s(p^ — if 13 is nonnegative. In other words, a is the least positive real number 
such that (3 /a belongs to as claimed by Maucourant in 
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Let ^ be the face of containing /3/cr. It is also explained in [33] that the dual face 
of ^ is contained in the positive Weyl chamber C (Lemma 2.3) and is given by 

^* = {l/G^*; (/?,y)=a}. 

If again we decompose ?/ as X] Ua'^^ai it follows that ^* identifies as the set of nonnegative 
{ija) such that f^ciy) ^ 1 and y) = a. The first condition gives us ^ XaVa ^ 1 and the 
second is equivalent to J^^aVa = cr. This imphes J^Va = ^ and t/q, = if a 7^ rria/Xa- 
Consequently, codim^ = dim^* = t, showing the agreement of our general theorem 
with the result obtained by Maucourant in [33], under the assumption that G is split. 

5.3.7. The general case. — We now treat the general case of a possibly non-split group. 
Let T be be a maximal split torus in G, so that its Lie algebra Or, is a Cartan subalgebra of 
Lie(G). We have already explained how the F-analytic Clemens complex of X is related 
to the toric variety Y given by the closure of T in X. As a consequence, all positivity 
conditions and dimensions of faces which intervene in our geometric result rely only on 
the divisors which are "detected" by Y, hence are expressed in terms of PL functions in a*. 
The previous analysis now applies verbatim and allow us again to recover Maucourant 's 
theorem. 

5. 3. 8. Adelic volumes. — Let us now assume that F is a number field. Theorem 14.4.51 
describes the analytic behavior of the volume — with respect to the Haar measure — of 
adelic points in G{Af) of height ^ B, when B 00. This allows to recover Theorem 
4.13 in [24] • In fact, that Theorem itself is proved as a corollary of the analytic behavior 
of the associated Mellin transform which had been previously shown in ^42^ Theorem 7.1]. 
Similarly, this analytic behavior is a particular case of our Proposition I4.4.4[ 

5.4. Relation with the output of the circle method 

Let X be a non-singular, geometrically irreducible, closed subvariety of an afiine space V 
of dimension n over a number field F. When F = Q, W = A" and X is defined as 
the proper intersection of r hypersurfaces defined Let n be a positive integer and let 
/i! • • • ! /r £ . . . , Xn] be polynomials with integer coefficients. 

The circle method furnishes eventually an estimate, when the real number B grows 
to 00, of the number N{X,B) of solutions a; G Z*^ of the system X given by fi{x) = 
■ ■ ■ = fr{x) = whose "height" ||a;|| is bounded by B. A set of conditions under which 
the circle method applies is given by [6]; it suffices that the hypersurfaces {fi = 0} meet 
properly and define a non-singular codimension r subvariety of A", and that n is very 
large in comparison to the degrees of the fi. 

Let us assume that X = V{fi, . . . , fr) is smooth and has codimension r. By the circle 
method, an approximation for N{B) is given by a product of "local densities": for any 
prime number p, let 

#X(Z/p^Z) 
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for the infinite prime, let 

fioo{X,B) = lime-"vol{x e R"; ^ B, \fi{x)\ < e/2}, 

where vol refers to the Euclidean volume in R". In some cases, one can indeed prove that 
N{X, B) ~ /ioo(X, B) np<oo ^^p{X) when B ^ oo. 

As already observed by (Section 1.8) we first want to recall that the right-hand- 
side V{X,B) of this asymptotic expansion is really a volume. Under the transversality 
assumption we have made on the hypersurfaces defined by the /j, there exists a differential 
form cD on a neighborhood of X in A" such that 

(1; A d/i A ■ ■ • A d/r = dxi A ■ ■ ■ A dx„. 

The restriction of to X is a well-defined gauge form uj ow X and 

/ioo(X,5) = / d|aj|^(x), fip{X)= (p prime). 

Let us write [t : x] for the homogeneous coordinates of a point in P"(K), so that t & K 
and X = {xi, . . . , Xn) G K"^. One then defines an metric on ^{1) by the formula 

for any point [t : x] G P"'(R) and any homogeneous polynomial F in R[)f:,x], Sp being 
the section of ff{degF) attached to F. Let fo be the section corresponding to F = t; for 
B ^ 1, the condition ||x|| ^ B can thus be translated to ||fo|| ([1 : x]) ^ 1/B. 

First assume that the Zariski closure of X in P" is smooth; let D be the divisor V(fo) 
in X. Letting d = ^deg(/j), the divisor of u is equal to d — n — 1. In that case, the 
measure \u!\ coincides with the measure T/^x ,{n+i-d)D on X(R), so that /ioo(X, -B) is an 
integral of the form studied in this paper, namely 

{X,B) = r(x,(n+i-d)i?)(||fo|| ^ 1/5)- 

Assume n > d. Then, when B converges to infinity. Theorem 14.2.51 implies that 
fioo{X,B) ^ S"~'^(log -B)^^^, where b is the dimension of the Clemens complex of the 
divisor -D(R), that is the maximal number of components of -D(R) that have a common 
intersection point. (When n = d, a similar result holds except that 6 — 1 has to be 
replaced by b.) 

The paper [12] showed that this asymptotic does not hold for the specific example of 
a generic SL(2)-orbit of degree d binary forms. For example, when d = 3, this amounts 
to counting points on an hypersurface of degree 4 in P^ and the expected exponent = 
4 — 4 is replaced by 2/3. This discrepancy is explained by |26]: observing that {X, D) is 
not smooth in that case, they computed a log-desingularization of {X, D) on which the 
behaviour of the integral ^ao{.X,B) can be predicted. 

In the general case, let us thus consider a projective smooth compactification F of X 
together with a projective, generically finite, morphism vr: F — > X such that, over Q, the 
complementary divisor ii^ to X in F has strict normal crossings. Let be the irreducible 



62 



ANTOINE CHAMBERT-LOIR & YURI TSCHINKEL 



components of E. It is customary to assume that tt induces an isomorphism over X, but 
this is not necessary in the following analysis; it is in fact sufficient to assume that the 
degree of tt is constant on the complement to a null set. 

Let us pose r] = n*uj] then, the divisor of r] has the form div{ri) = — ^ PaEa = —E', 
so that 

fiUX,B) = j Ir^l =r(y,^,)({||vr*fo|| ^ l/B}). 

||7r*fo||^l/B 

Write also tt*D = According to Theorem iJSl Hoc{X,B) f« B^ilogBf-^ 

where now, a = max(pQ, — 1)/Xa, the minimum being restricted to those a such that 
Ea(R) 7^ 0; the integer b is the dimension of the subcomplex of the analytic Clemens 
complex consisting of those E^ achieving this minimum. (When a = 0, 6 — 1 is replaced 
by b.) 

Let us give the specific example of an SL(2)-orbit in the affine space of binary forms of 
degree d, as treated in [26]. That paper constructs a pair {Y, E) with an action of (5„ such 
that E = E1+E2 has two irreducible components, the divisors Ei and E2 (denoted y4[n — 1] 
and A[n] in that paper) forming a basis of the (3„-invariant part of Pic(F), Moreover, 
K^^ = El + 2E2. They compute the inverse image of ^(1) and obtain ^^£"1 + f-E2 
{loccit. , Lemma 3.3). Consequently, (pi — 1)/Ai = and (p2 — ^)/^2 = 2/n. Finally, 
a = 2/n and b = 1, implying that fioo{X, B) ^ 5^/". 

Let us return to the general case, and assume that Kx is Q-Cartier. Then, the log- 
discrepancies ( defined by the formula 

so that 1 — Pa = {d — n)\a + Sa for any a. Then, 

a = n — d + min — , 

where, again, the minimum is restricted to those a such that i?a(R) 7^ 0. When {X,D) 
has log-canonical singularities, £0- ^ for each a and one obtains again a ^ n — d since 
the log-discrepancy corresponding to the strict transform of the components of Z) is 0. 

However, in the case treated by [26], = and 62 = —1, leading to the opposite 
inequality a = > 0. 



5.5. Matrices with given characteristic polynomial 

5.5.1. — Let Vp be the Z-scheme of matrices in the affine 4-space whose characteristic 
polynomial is + 1, and let Bt be the euclidean ball of radius T in R^. Shah gives 
in [41j the following asymptotic expansion: 

n Br) ~ rQ(i) r(3/2)r(2/2)c(2) = = 

where Cq^i) is the leading term at 1 of Dedekind's zeta function relative to the number 
field Q(i). 
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A matrix in Vp has the form [y -x) with x'^ +yz + 1 = 0. Let X denote the subvariety 
of defined by + YZ + T'^ = 0. It is smooth of dimension 2 over Z[l/2]. The scheme 
Vp is exactly the open subset U C X defined by T 7^ 0. The divisor at infinity D = X\U 
is defined by T = 0; it is smooth as well (still over Z[l/2]). 

5.5.2. — Let p be an odd prime number. One has #C/(Fp) — + (^)p. Indeed, z 

gives p{p — 1) points. If 2; = 0, y may be arbitrary and x has to be hence 2p 

points if —1 is a square and else. Finally, 

volC/(Z,) = p-2#t/(F,) = 1 + (f)^. 

For p = 2, we split f/(Z2) in two parts: 

— y odd, so that z = — (x^ + l)/y. This has measure 1/2. 

— y — 2y' even, which implies that y' and x = 2x' + 1 odd, so that 

z = -(x^ + l)/y = -(1 + 2x' + 2{x')'^)/y'. 
This has measure 1/4. Indeed, it parametrizes as 

{X = l + 2u 
l + 2v 
z = {l + 2u + 2u^)(l + 2v) = 1 + 2u + 2v + 2u'^(l + 2v) + Auv, 

with {u,v) e (22)^. The differential of this map is given by the matrix 

2 \ / 1 

-4(l + 2v)-2 =2 -2{l + 2v)-^ 

2 + Au{l + 3v)2 + {Au'^ + 4u) J \1 + 2u{l + 3^;) 1 + 2u{l + u) 

and is twice a 2 x 3 matrix with coefficients in Z2, of which one of the 2 x 2 is invertible. 

Therefore, the measure of its image is |2|2 = 1/4. 

Finally, volC/(Z2) = 1/2 + 1/4 = 3/4. 

5.5.3. — The virtual character EP([/) is —\x\, for x = the quadratic character 
corresponding to Q(i). We will prove this in general below, however, this can be seen 
directly as follows. 

First, U is an hypersurface of the affine 3-space, so it has no non-constant invertible 
function. Let us now study its Picard group. Over Q(i), X is the hypersurface of 
defined by the equation {x + it){—x + it) = yz, so is isomorphic to P^ x P^, the two factors 
being interchanges by the complex conjugation. Consequently, Pic{Xp), being generated 
by these two lines, is the Galois module 1 ® [%]. The result then follows from the fact 
that Pic{Xp) maps surjectively to Pic{Up), its kernel being the submodule generated by 
the class of the hyperplane of equation t = in P^. 

The L-function of EP(f/) has local factors Lp(EP([/),s) = 1 — {'^)p '^- The product 
L(EP([/), s) of all Lp for p > 2 is exactly L(x, s)~^. At s = 1, it has neither a pole, nor a 
zero. 
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5.5.4- — Oils has 

vol U{Z,) n vol f/(Z,)L,(l) = ^ n (1 - P'") = ^ = C(2)"'- 

p>2 p>2 

As L(x, s)C(s) = CQ(j)('S), one has L(x, 1) = CQ(i)(l) and the normalized volume of U{Af) 
is equal to 

5.5.5. — Now we have to compute the volume of the divisor at infinity. Due to the way 
matrices are counted in [H] (one wants + y"^ + z'^ ^ T^) the natural metric on the 
tautological bundle of is given by the formula 

II II . ,^ Pix,y,z,t) 

\\Sp\\[X .y . Z .t) - . I ,2 , I ,2 , I ,2 |,|2NdegP/2' 

max (2 + \y\ + \z\ , |r| j 

where P is a homogeneous polynomial in 4 variables and sp the corresponding section of 
^(degP). 

The divisor D has equations si = + + = and S2 = T = in P^. We'll 
compute its volume using affine coordinates {y, z,t) for P^ and x for D. Afiine equations 
of D corresponding to the two previous sections are 1 + yz + 1'^ = and t = 0. One has 

d(l + yz + t^) A d^ A dt = zdy A d^ A dt, 

and by definition, 

lldyAdzAdtll = max (2 + + t^) I 
Consequently, on D, one obtains the following equalities 

r bill 1 1 
hm = = 

\l + yz + t'^\ max(2 + ?/2 + ^2^^2) 2 + y"^ + z"^ 

(since t = Q on D) and 

>2|| 1 1 



lim 



\t\ max(2 + ?/2 + ^2^^2)l/2 (2 + ^2 + ^2)1/2- 



Finally, 



|d2;|| = \\zdy A ds; A dtll lim -; — — lim 

^ " \l + yz + t^\ \t\ 



= \z\ max (2 + + z^t^Y'^ = \z\ (2 + (l/z)^ + z^)'^' 

= (1 + 2^2 + = l + ^^ 

so that the canonical measure on -D(R) is given by \dz\ /(I + z"^). Hence, volD(R) = vr. 
5. 5. 6. — Finally, we obtain that Shah's constant C^a+i satisfies 

Cx2+i = 2volP'(R)volf/(Aj), 
compatibly with Theorem I4.2.5[ 
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Appendix A 
Tauberian theorems 



Let {X,iJ.) be a measured space and / a positive measurable function on X. Define 

Z(.s)= f f{x)-'d^{x) and V {B) = ii{{f {x) ^ B]) . 
Jx 



One has 

f +00 



/•+00 

Z{s) = / B-'dV{B). 
Jo 



Theorem A.l. — Let a be a real number; we a.ss-iime that Z{s) converges for Re(s) > a and 
extends to a meromorphic function in the neighborhood of the closed half-plane Re(s) ^ a — 5, 
for some positive real number 6. 

If a <0, then V{B) has the limit Z{0) when 5 — ^ 00. 

Furthermore, assume that: 

a) Z has a pole of order b at s = a and no other pole in the half-plane Re(s) ^ a — 6. 

b) Z has moderate growth in vertical strips, i.e., there exists a positive real number k such that 
for any r G R, 

\Z{a-S-{-iT)\ < (l + |r|)^ 

Then, there exist a monic polynomial P, a real number and a positive real number e such 
that, when B ^ 00, 



V{B) 

Moreover, if a ^ 0, then 



eS«P(log B) + 0(5«-^) ifa^ 0; 

Z{0) + e5«P(log B) + 0(5«-^) ifa<0. 



deg(P) = 6-l and Q a (b - 1)1 = \im{s - afZ{s) 

s— >a 

while 

deg(P) = b and 06! = lim (s - afz{s) 

ifa = 0. 

For any integer k ^ 0, let us define 
where log"''('u) = max(0,log'u) for any positive real number u. 

Lemma A. 2. — Let k be an integer such that k > k. Then there exist polynomials P and Q 
with real coefficients, a real number S > such that 



VkiB) = B'^P (log B) + Q (log B) + 0{B 
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Moreover, the polynomials P and Q satisfy 

(A 3) P(T) = < « + J 7- , 

[0 ifa = 0; 



(A.4) Q(r) 



ifa>0; 
^eT^+^ + ... ifa = 0; 



JZ(0)T*= + ... ifa<0. 
Proof. — We begin with the classical integral 

where a and A are positive real numbers. For a > max(0, a), this implies that 

14(B) = ^^log+(i3//(a;))'=dM(i) 

= J-f B'Z{s) 



la+iR. S 



where the written integrals converge absolutely. We now move the contour of integration to the 

left of the pole s = a, the estimates for Z{s) in vertical strips allowing us to apply the residue 
theorem. Only s = a and s = may give a pole within the two vertical lines Re(s) = a and 
Re(s) = a — 5 and we obtain 



ue{0,a} 
a—5<u<cr 



If a > and a — 5 > 0, or if a < 0, one checks that there exists a polynomial P of degree 6—1 
and of leading coefficient 0/a^+^(6 — 1)! such that 

^^^s=a(y^^^^ = B-P{\0gB). 

In the case a > 0, we moreover set Q = 0. 

If a = 0, let us set P = 0. There exists a polynomial Q of degree h+k and of leading coefficient 
6/(6 + fc)! such that 

ReSa=o(^^|^) =Q(log5). 

Finally, if a < 0, one verifies that there exists a polynomial Q of degree k and of leading 
coefficient Z{Q)/k\ such that 

This implies the lemma. □ 



IGUSA INTEGRALS AND VOLUME ASYMPTOTICS IN ANALYTIC AND ADELIC GEOMETRY 67 



Lemma A. 5. — Assume that there are polynomials P and Q, and a positive real number 5, such 
that 

Vk{B) = B^P{log B) + Q(log B) + 0{B^~^), 

where we moreover assume that P = if a = and Q = if a > 0. Then for any positive real 
number 5' such that 5' < 5/2, one has the asymptotic expansion 

Vk-iiB) = B'^iaPOogB) + P'OogB)) + Q'(logi?) + 0(5'^-^'). 

Proof. — For any u £ ( — 1, 1), one has 
Vk{B{l + u)) - Vk{B) = B^{P{\og{B{l + u))) - P(logB)) 

+ Q(log(B(l + n))) - QilogB) + 0(5°-^) 
= B^'P {log B){{l + uf - 1) 

+ ^'^(1 + u)" (P(log B + log(l + u)) - P(log B)) 
+ (g(log5 + log(l + n)) - Q(log B)) + 0(5"-^) 
= S'^P(log B) (an + 0{u^)) + B^P' {log B)u + B"0( log Bf"^ ^~^u'^) 
+ Q' {log B)u + 0((logS)'^"sQ-2^2^ ^ 0(5"-^). 

Let e be a positive real number; if n = ±5"'', we obtain 

V,{B{l + u)) -MB) ^ ^ ^ ^ 

log(l + u) 

+ Q'(log B) + 6 {B-') + O , 

where the O notation indicates unspecified powers of logi?. If 6' < 6/2, we may choose e such 
that 6' < e < 6/2 and then, 

V,{B{l + u)) - V,{B) ^ ^a(^p(i„g^) ^ P'(logi?)) + Q'(logB) + 0{B'^-''). 
log(l + U) 

On the other hand, for any real number u such that < n < 1, and any positive real number A, 
one has 

log(A(l-n))fe-log(^)^ ^ ,^,,_i^ log(yl(l + n))^-log(A)^ 

^/clog(^) ^ log(l + n) ' 

which implies the inequality 

Vk{B{l-u))-Vk{B) v,{B{l + n))-Vk{B) 

(A.7j — ^ Vk-i[B) ^ — — — . 

log(l — u) log(l + U) 

Plugging in the estimates of Equation (jA.6p , we deduce the asymptotic expansion 

(A.8) Vk-i{B) = B^{aP{logB) + P' {log B)) + Q' {log B) + +0{B''-^'), 

as claimed. □ 

Proof of Theorem \A.1\ — We now can prove our Tauberian theorem. Let k be any integer such 
that k > K. Lemma lA.21 implies an asymptotic expansion for Vk{B); let P,Q,6 be as in this 
Lemma. Applying successively k times Lemma lA.51 we obtain the existence of an asymptotic 
expansion for V{B) of the form 

V{B) = B-DlP{logB) + Z)o'Q(logi?) + 0(5"-^'), 
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for some positive real number 5' (any positive real nmiiber 5' such that 5' < 5/2^ is suitable), 
where we have denoted by Da and Dq the differential operators P i— > aP + P' and P ^ P' . 

For a 7^ 0, the operator Da doesn't change the degree but multiplies the leading coefficient 
by a. Consequently, 

^^.^'-' + --- if«/0' 
if a = 0. 



D^aP{T) 



Similarly, the operator D decreases the degree by 1 and multiplies the leading coefficient by the 
degree. It follows that 

'Z(O) ifa<0; 
ier'' + . . . if a = 0; 
if a > 0. 



Theorem lA.ll now follows easily. 



□ 



In ultrametric contexts, the function / usually takes values of the form q^, with n G Z, where 
g is a real number such that q> 1. In that case, the function Z is (2z7r)/ log g-periodic, its poles 
form arithmetic progressions of common difference 2z7r/log(7, and Theorem lA.ll doesn't apply. 

Let g be a real number with q> 1 and assume that f{x) G q^ for any x ^ X. 

Let a be a nonnegative real number; let us assume that Z{s) converges for Re(s) > a and 
extends to a meromorphic function in the neighborhood of the closed half-plane Re(s) ^ a — 5, 
for some positive real number 5. 

Suppose furthermore that the poles of Z belong to finitely many arithmetic progressions of 
the form aj + jj^2i7rZ, where ai, . . . ,at G C are complex numbers of real part a, not two of 

them being congruent mod 2i7r/logg; let bj = ords=aj Z{s) and let Cj = \mis-,aj{s — aj)^^ Z{s). 
Let us make the change of variable u = q~'' and set Z{s) = ^[u). The function $ is defined 

by 

= ^ where Z„ = = g"}); 

ngZ 

it is defined for < \u\ < q~"' and is holomorphic in that domain; moreover, it extends to a 
meromorphic function on the domain < < with poles at (for 1 ^ j ^ t) such 

that 

lim (1 - q''^up^{u) = lim (1 - q''i-'f^Z{s) = {logqf^Cj. 
Consequently, there are polynomials pj of degree bj and leading coefficient {log q)^^Cj such that 

Z(u) - V ^'^""^ 
^ ^ ^ (1 - q^Jufj 

is holomorphic in the domain defined by < |n| < q^^"'. Therefore, the Cauchy formula implies 
an asymptotic expansion of the form 

t 

Z„ = j;P,(n)g'^^- + 0(g(«-^>), 
j=i 

where 5' is any positive real number such that < 6' < 6 and, for 1 ^ j ^ t, Pj is a polynomial 
of degree bj — 1 and of leading coefficient c j {log qf' ^ /{bj — 1)!. 
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Since the Laurent series defining $ has nonnegative coefficients, the inequahty ^ -2'(|n|) 

holds for any u G C such that < |u| < In particular, we see, as is well known, that ^ has 
a pole on its circle of convergence. This means that, unless t = 0, we can assume that ai = a 
and that bj ^ bi for all j. 

We are not interested in the sequence (Z„) itself, but rather on the sums = J2m<n ^n, 

when n oo. (Their convergence follows from the fact that <I>(u) converges for arbitrary small 
nonzero complex numbers u.) 

We begin by observing that for any integer j, there exists a polynomial Qj such that 

Pj{m) = Qj{m) - q-''^Qj{m - 1) 

for any m G Z. Moreover, if q""^ ^ 1, then there is only one polynomial satisfying these relations, 
its degree satisfies deg(Qj) = deg(Pj) while its leading coefficient is equal to Icoeff (Pj)/(1 — (7""^ ); 
however, if q""^ = 1, then deg(Qj) = deg(Pj) + 1 and lcoeff(Qj) = Icoeff (Pj)/(deg(P,) + 1). 

Let us now separate the discussion according to the value of a. 

Case a < 0. — Then, V{q"') has the limit <^(1) when n — > +00, and 

t 

= $(1) _ ^ z„ = $(1) Q^'^'PjM + 0(g(''-^')"), 

m>n j=l m>n 

provided 5' < 5 \s chosen so that a < a + 5' < 0. Since 
we obtain that 

t 

(A.9) = $(1) + q'^'^Qjin) + 0(g('^~^')"). 

i=i 

Case a > 0. — In that case, we have 
t 

v{qn = E E {^"'"'Qji^) - q'^'^^'-'^Qjim - 1)) + 0{q''-''^), 

j=l mi^n 

so that 

t 

(A.IO) V((?") = E'?"^"Q.W + 0(g'^-'n). 

i=i 

Moreover, deg(Qj) = bj for all j. 

Case a = 0. — Then V{q'^) also satisfies the asymptotic expansion (jA.lOp . However, degQi = 
5i + 1 and degQj ^ bj ^ bi for j 7^ 1, and we obtain 



(A.ll) lim T/(g")n~'i~Mcoeff(Qi) = lcoeff(Pi) = ci , 

n^oo 61 + 1 61 + 1 

Corollary A. 12. — Let us retain the previous hypotheses, assuming moreover that a > 0. 
Then, we have the following weak asymptotic behavior: 

< liminf y(g")g-'^"n-^i ^ limsupy(g")^-""--^i 
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Corollary A. 13. — Let us assume that for some positive integers h and d, the function 
Z(s)(l — has a holomorphic expansion in some neighborhood of the half-plane {Re(s) ^ 

a — 5}. Then, where n is restricted to belong to any arithmetic progression mod. d, the sequence 
(^(g")g~""log(g")~^) has a limit. 

Proof. — The assumptions allow us to set t = d and aj = a + 2i7r{j — l)/dlog{q), for 1 ^ j ^ d, 
and bj = b. Let us fix m G N and let us write n = m + kd, where G N goes to infinity. For 
ri G N, we may write 

y(g")g-"° log(g")-'' J2 (n^logt)" ^ 

The asserted convergences follow from the fact the observation that for any j, is a dth 

root of unity. More precisely, we find 

Jim log(g")-^ = 7^ Eexp(2i7r(j - l)/^)^^^' 

n=no (mod d) \ /' j—i ^ 

where 

Cj = lim (s — ai)''Z(s). 

□ 

The following corollary has been inspired by work in progress by Cluckers, Comte and Loeser. 
Corollary A. 14. — Let be the Cesaro mean ofV{q^), namely 



1 " 



m=0 

If a > 0, then V* satisfies 

lim F*(g")g-«"n-''i = c^li^i^. 

n— >oo 1 — q ^ 

If a < 0, then 

lim - Z(0)) q-^^n-^^ = ci ^^"^^^ \ 

Proof. — This follows from the main result and the fact for any complex number 2; G C such 
that \z\ = 1 but z 1, the sequence (z") Cesaro-converges to 0. □ 

We conclude this Appendix by a Tauberian result which is useful in S'-integral contexts. 

Theorem A. 15. — Let a be a real number; we assume that Z{s) converges to a holomorphic 
function for Re(s) > a. Let us furthermore assume that it has a meromorphic continuation of 
the following form: there exists a positive integer 6^1 and a finite family {qj,bj)jQj where qj 
is a real number such that qj > 1 and bj is an integer satisfying 1 ^ bj ^ b—1 such that, setting 
bo = b — YljeJ ^3' function Zq defined by 

^ ^ jeJ 
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extends to a holomorphic function with moderate growth in vertical strips, i.e., there exists a 
positive real number k such that for any r S R, 

\Z{a-6 + iT)\ < (1 + |t|)''. 

Assume also that for any two E J, loggj/loggj' is not a Liouville number. 

Then, there exist a monic polynomial P, a real number and a positive real number e such 
that, when B ^ oo, 



V{B) = j 
Moreover, if a ^ 0, then 



QB^PilogB) + 0(S"(logS)""^^(''^)) ifa^ 0; 

Z(0) + e5"P(logS) + 0(S"(logS)'^'^^(*^)) ifa<0. 



deg(P)=6-l and G a (6 - 1)! = lim(s - a)^Z(s) 

s— >a 

while 

deg(P) = b and 9 6! = lim(s - a)''Z{s) 

if a = 0. 

Proof. — For any integer ^ 0, let us define 

If /, _ I r f ^ B ^'^ 



where log'''(«) = max(0, logu) for any positive real number u. 

As in Theorem lA.ll we begin by proving an asymptotic expansion for Vk{B), where k is an 
integer satisfying k > n. As above, we have 

V,{B) = ^f B^Z{s)4iT, 

for a > a, and we will move the line of integration to the left of s = a, the novelty being the 
presence of infinitely many poles on the line Re(,s) = a, namely at any complex number of the 
form Oj^m = CL + 2irmr/logqj, for some j £ J and some integer m G Z. 

Let -Ffc be the holomorphic function given by -Ffc(s) = B^ Z{s)/s^~^^ . Let // be any common 
irrationality measure for the real numbers log qj/ log Qj', namely a real number such that for any 
two integers m and m' such that m log qj + m' log qji ^ 0, we have 

\mlogqj + m'loggj'l ^ max(|m| , 

A straightforward computation based on Leibniz and Cauchy formulae shows the existence of 
a positive real number c such that for any j G J and any nonzero m G Z, 

\ReSs=aj,mFkis)\ ^ c(l + |Im a,, ^^-'^-^-'^^S^aog ) , 

where /3 = YljeJ^j- Moreover, as in the proof of Lemma lA.21 there exists a polynomial P of 
degree deg(P) = 6—1 with leading coefficient 0/a'^+^(6 — 1)! such that 

ReSs=aFk{s) = B'^PilogB). 
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We choose k such that k > k + nP. Since b > max(6j), these upper bounds miply that the sum 
of residues of at all poles of real part o is dominated by the residue at a = and satisfies the 
following estimate 

ResFk{s) = B^P{logB). 

Re(s)=a 

If a > 0, we set Q = 0; if a ^ 0, there exist a polynomial Q of degree b + k and leading 
coefficient Q/{b + k)\ such that 

ReSs=o Fk{s) =Q{logB). 
We may then continue as in the proof of Lemma IA.2I and conclude that 

Vk{B) = 5"P(log B) + Q(log B) + 0(S"(log Bf). 
An application of Lemma [A . 5 1 similar to that of Theorem I A. 1 1 then implies Theorem lA. 151 □ 
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